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Abstract

This paper establishes a theoretical model to examine the LOLR policy when a central
bank can distinguish solvent banks from insolvent ones only imperfectly. The major results
that our model produces are as follows: (1) The pooling equilibria in which, on one hand, all
the banks borrow from the central bank and, on the other hand, all the banks do not borrow
from the central bank could exist given certain market beliefs off the equilibrium path.
However, neither equilibrium is socially efficient because insolvent banks will continue to
hold their unproductive assets, rather than efficiently liquidating them. (2) Higher precision
in central bank screening will improve social welfare not only by identifying insolvent banks
and forcing them to efficiently liquidate their assets, but also by reducing moral hazard
and deterring banks from choosing risky assets in the first place. (3) If a central bank
can commit to a specific precision level before the banks choose their assets, rather than
conducting a discretionary LOLR policy, it will choose a higher precision level to reduce
moral hazard and will attain higher social welfare.
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1 Introduction

The 2007-2009 subprime mortgage crisis has revealed that the lender of last resort (LOLR)
policy is a crucial tool for a central bank to tackle financial crises. During the crisis, three
major central banks — the Federal Reserve, the European Central Bank, and the Bank of
England — all employed the LOLR policy heavily to provide liquidity to banks. Despite
the importance of the LOLR policy, there have been many controversies around how the
LOLR policy should be properly conducted (see, e.g., Goodhart (1999)). Although the
early discussion on the LOLR policy can be dated back to Thornton (1802) and Bagehot
(1873), our understanding about this issue has not become clearer as time goes by. Many
economists believe that with a more developed financial system, open market operations
of central banks in a well-functioning interbank loan market are enough to maintain an
efficient market. As a result, the LOLR policy becomes obsolete (see, e.g., Goodfriend
and King (1988)). Considering moral hazard associated with the LOLR policy, some

economists even believe that we should stop using the LOLR policy.

The argument that open market operations of central banks make the LOLR policy
obsolete is based on a crucial assumption that the interbank loan market functions well
without any information frictions. However, the LOLR policy can be justified during
a financial crisis when all the financial markets suffer most heavily from information
frictions. A large body of literature has suggested that when neither the central bank
nor the market can distinguish between illiquidity and insolvency, the LOLR policy can
improve social welfare by preventing contagion and alleviating market freezes (see, e.g.,
Goodhart and Huang (1999), Freixas, Parigi, and Rochet (2004), Rochet and Vives (2004),
Pritsker (2013), and Li, Milne and Qiu (2013)).

This paper examines how to conduct a proper LOLR policy when neither the central
bank nor the market can distinguish between illiquidity and insolvency. In particular,
our paper is inspired by Acharya and Backus (2009) who argue that the LOLR policy
conducted during the subprime mortgage crisis was suboptimal and emphasize that the
optimal LOLR policy has to be conditional. That is, when a central bank lends to banks as
an LOLR, it must say no to the banks that cannot meet certain solvency conditions such as
the maximum leverage ratio and minimum capital adequacy ratio. We establish rigorous

theoretical models to examine how a conditional LOLR policy in which the central bank



can screen insolvent banks from illiquid ones will affect moral hazard and social welfare.
We first study a basic model in which banks are divided into two types: solvent banks
and insolvent ones. Both types of banks are illiquid and need to roll over their short-term
debts. The market cannot distinguish between the two types but knows the distribution
of them. As an LOLR, the central bank attempts to offer loans to solvent banks, but
can screen insolvent banks from solvent ones only imperfectly. Then we examine the
possible equilibria and how the precision in central bank screening affects the equilibrium
outcomes. Next, we extend this model to a case where banks can choose between a safe
asset and a risky one and examine how the precision in central bank screening will affect
banks’ choice of assets in the first place.

Our model produces the following results: First, the pooling equilibria in which, on one
hand, both types of banks borrow from the central bank and, on the other hand, neither
type of bank borrows from the central bank could exist given certain market beliefs off
the equilibrium path. However, neither equilibrium is socially efficient because insolvent
banks will continue to hold their unproductive assets, rather than efficiently liquidating
them. Second, higher precision in central bank screening will improve social welfare not
only by identifying insolvent banks and forcing them to efficiently liquidate their assets ex
post, but also by reducing moral hazard and deterring banks from choosing risky assets
ex ante. Finally, we find that if a central bank can commit to a specific precision level
before the banks choose their assets, rather than conducting a discretionary LOLR policy,
it will choose a higher precision level to reduce moral hazard and will attain higher social

welfare.

An important result produced by our paper is that moral hazard originates from
imperfect information, rather than from the LOLR policy. The LOLR policy is often
criticized on the ground that it induces moral hazard. Our model reveals that when neither
the central bank nor the market can distinguish between illiquidity and insolvency, moral
hazard will exist even in the absence of the LOLR policy. Our model demonstrates that
the introduction of an LOLR policy with central bank screening will reduce moral hazard,
rather than inducing it. Another important result in our paper is that a pre-committed
and precise central bank screening is crucial in the LOLR policy, which can effectively
reduce moral hazard and improve social welfare. This result coincides with Acharya and

Backus (2009), who argue that the conditional LOLR policy can help reduce moral hazard



induced by the LOLR policy.

Our paper is closely related to the literature on the LOLR policy with imperfect
information. Rochet and Vives (2004) study the LOLR policy in a global game setup
where depositors face both strategic complementarities and imperfect information. They
find that the introduction of the LOLR policy in such a setup will improve social welfare
by alleviating coordination failure. Goodhart and Huang (1999) build a model where
the central bank employs the LOLR policy to prevent contagion, but has to suffer the
loss caused by moral hazard when the central bank cannot perfectly distinguish between
illiquid and insolvent banks. Freixas, Parigi, and Rochet (2004) also build a model to
study the LOLR policy when the market cannot distinguish liquidity shocks from solvency
shocks. Our model is most closely related to one particular case in their paper where
insolvent banks have an incentive to gamble for resurrection and the central bank cannot
distinguish insolvent banks from illiquid ones. They find that the LOLR policy is more
useful in improving social welfare in this case than in other cases studied in their paper.
However, they do not further examine the optimal LOLR policy. Most of the existing
literature ignores the informational role played by the LOLR policy through central bank
screening when insolvent banks cannot be distinguished from illiquid ones. We focus on
this role and find that an LOLR policy with precise central bank screening will actually

reduce moral hazard instead of inducing it.

The rest of the paper is organized as follows. Section 2 introduces a basic model
where banks’ asset portfolio is exogenously given and characterizes the equilibria. Section
3 extends the basic model to one in which banks can endogenously choose their asset
portfolio and studies how the precision in central bank screening affects banks’ portfolio

choices and social welfare. Section 4 concludes.

2 The basic model

2.1 The environment

Consider a two-period model with three dates of 0, 1 and 2. There is a continuum of
banks with a central bank in the economy. The initial balance sheet of each bank at ¢ =0

is exogenously given as follows:

Thus at date 0 each bank has a long-term asset with a size of A, which is financed by its
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Table 1: A bank’s balance sheet at ¢t = 0

Long-term Assets: A | Short-term Debts : D
Equity: eq

own equity eg and one-period short-term debts with a size of D. As a result, A = D + ey.
If the long-term asset is mature at date 2, its gross return rate will be Ry > 1. If the asset
is liquidated prematurely at date 1, a liquidation cost will be incurred. We will specify
the liquidation technology later.

The interest rate of short-term debts between date 0 and date 1 is exogenously given
and assumed to be the riskless rate of zero for simplicity. The roll-over rate of short-term
debts is determined by short-term creditors’ expectations. We assume that short-term

creditors are risk neutral and aim for an expected rate of zero.

We assume that at the beginning of date 1, before each bank rolls over its short-term
debts, an unanticipated shock hits some banks’ long-term assets. As a result, the banks
are divided into two types. A proportion A € (0, 1) of the banks, which we call the high
type (H-type) banks, are unaffected by the shock. For the remaining banks with the
proportion of 1 — A\, with probability p, their long-term assets’ return rate is Ry, and
with probability 1 — p, the rate is Ry, < 1. We call these banks the low type (L-type)
banks. The return rate of each L-type bank is i.i.d. Each bank knows its own type. The
short-term creditors do not know the type of each bank but know the proportion of each
type.

At date 1, after the shock, each bank rolls over its short-term debts through three
options: borrowing from the central bank, borrowing from the market (short-term credi-
tors), and liquidating its long-term assets. We assume that a bank rolls over its short-term

debts in two stages:

In the first stage, the central bank offers to lend Lop < D to each bank at rgg > 0.
We focus on the case where r¢p is always lower than the prevailing market rate. We
assume that each bank applying for central bank loans must agree to be inspected by
the central bank. In addition, we assume that the central bank can perfectly identify an
H-type bank, but can identify an L-type bank only imperfectly. More specifically, we
assume that for each L-type bank, with probability ¢ < 1, the central bank can identify



it as L-type and will reject its application. With probability 1 — ¢, the central bank can
not identify it as L-type and will lend to it. We believe that this assumption is realistic,
because in reality a healthy bank may have safer assets, the quality of which is easier to
verify, while an insolvent bank may have risker assets, the value of which could be more
uncertain and, consequently, more difficult to evaluate. In addition, a healthy bank may
be more cooperative, while an insolvent bank may try to hide information.!

Each bank determines whether to apply for central bank loans or not. When a bank
applies for central bank loans, it will be inspected by the central bank and will be rejected
by the central bank and forced to liquidate its assets if identified as L-type.

In the second stage, each bank determines how much to borrow on the market and
how many long-term assets to liquidate. The market rate is determined as follows. For
each bank, a short-term creditor decides whether to lend or not, and the interest rate if
he does. The bank then decides whether to borrow or not. The creditor can not make
his lending decision contingent on the quantity of debts that the bank will borrow. In
addition, creditors cannot observe how many long-term assets are liquidated by a bank
when determining the market rate.

The liquidation technology is as follows. For H-type and L-type banks, each unit of
the assets liquidated at date 1 will yield vg4 and ~; units of the proceeds, respectively,
where v, < vy < 1.

In addition, we assume that it is socially efficient for an L-type bank to liquidate its
asset at date 1 rather than continuing to hold the asset to date 2. More specifically, we

assume that
pRy + (1 —p)Ry <L (1)
Moreover, we assume that
LA <ygA <D (2)

which means that the date 1 liquidation value of both H-type and L-type banks’ assets
is not enough to repay their debts. This condition will be satisfied when ey is sufficiently

low such that the asset-debt ratio of % is high or when vy and ~;, are sufficiently low.

'In a more general case, the central bank can also mistake a healthy bank for an insolvent one. Here
we consider this simpler case for simplicity, which will not affect our results qualitatively.



Note that by combining conditions (1) and (2), we derive
D
pRy+ (1 —p)Rp <1 < 1
pARg + (1 —p)AR, < D (3)

Since ARy > D (because A > D and Ry > 1), it is straightforward to see that
ARL <D (4)

This implies that an L-type bank cannot repay its debts in the down state and will default.

For simplicity in our calculations, we assume that

<1 (5)

This condition guarantees that a creditor will never roll over his debts if he knows that

the bank is L-type. The proof of this condition is given in appendix A.

Each bank aims to maximize its expected equity value at date 2. A bank does not care
about the loss of its creditors. As a result, an L-type bank will borrow and continue its
operation until date 2 as long as it has a higher expected equity value, even when it is not

socially optimal to do so. In other words, it has an incentive to gamble for resurrection.

2.2 Banks’ optimal borrowing behavior

Before we characterize possible equilibria in this model, we first examine banks’ optimal
borrowing behavior in this model. Let r); denote the market rate that creditors charge.

Proposition 1 gives the results.

Proposition 1. (1) For an H-type bank, if 1+ry < 1;‘—5, it will borrow on the market and

will never liquidate its asset. If 1 4+ ry > 1;2_57 the bank will never borrow on the market

and will only liquidate its asset to repay its debts. (2) An L-type bank acts in a similar

way to an H-type bank, except that % in the above conditions is changed into ?—f.

Proof: see the appendix. B

Note that f—f > ]j—g. So when 1+ ry; < %7 both H-type and L-type banks will
borrow on the market to meet all the liquidity need. When 1+17,, > f—g, an H-type bank
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will stop borrowing on the market, while an L-type bank will still want to borrow when

Ry Ry ‘ Ry Ry
1+ry € [Z2, Z2]. However, any value of 14 ry in the range of [Z2, 72

in equilibrium, because creditors know that at this level of 1+ r;;, all the borrowers must

| can not exist

be L-type. By assumption, creditors’ expected rate of return from lending to an L-type is

always below 1. As a result, creditors will never offer such a market rate in equilibrium.

We also arrive at the following result from the proof of proposition 1:

Corollary 1. An L-type bank’s net asset value in the down state is negative in all situa-
tions. Thus its equity value in that state is always zero.

Proof: see the proof of proposition 1 in the appendix. B

This result implies that, in order to maximize the equity value, an L-type bank needs

only to maximize its equity value in the up state.

2.3 The equilibrium

There are two pooling equilibria in this model, the one where all the banks apply for
central bank loans and the one where all the banks do not apply for central bank loans.
Here we focus on the equilibrium where all the banks apply for central bank loans. The
uninteresting equilibrium where all the banks do not apply for central bank loans is not

studied here.?

Note that separating equilibria where one type of bank apply for central bank loans
and the other type do not apply can not exist in this model. Consider the equilibrium
where only L-type banks apply for central bank loans. Then L-type banks will always
deviate, because they can mimic H-type banks without incurring any cost by not applying
for central bank loans. By doing so, an L-type bank will be identified as H-type and get
the lowest possible borrowing rate on the market. Consider the equilibrium where only
H-type banks apply for central bank loans. If an L-type bank follows the equilibrium
strategy and does not apply, it will be identified as L-type by the market and will not be
able to borrow on the market. As a result, it will be forced to liquidate all of its asset and
go bankrupt at date 1. If it mimics an H-type bank and borrows from the central bank,

then at least with probability 1 — ¢, it will successfully get loans and gain positive equity

2In the appendix , we provide a proof about the existence of such an equilibrium.



in the up state. As a result, L-type banks will always deviate, and such an equilibrium

can not exist either.

Now let us examine the equilibrium where all the banks apply for central bank loans.
All the banks aim to maximize their expected equity value. In order to find out whether
such an equilibrium exists or not, we need to find each type of banks’ expected equity
value when following the equilibrium strategy and when deviating. The no-deviation
condition will be the gap between the two values being positive. An equilibrium exists if
and only if the no-deviation condition holds for both types of banks.

In order to find each type of bank’s no-deviation condition, we need to find the market
rate when a bank does and does not deviate. First, we find the equilibrium market rate
when banks follow the equilibrium strategy. In this case, the banks identified as L-type by
the central bank will be forced to liquidate their assets at date 1 and disappear. Creditors’
belief about the remaining banks that successfully receive central bank loans is as follows.
The conditional probability to get central bank loans is 1 for an H-type bank, and 1 — ¢
for an L-type one. Let g denote creditors’ ex post belief that a bank is H-type. Thus

A
T+ (1=N(1—-9¢)
Note that g is higher than A, the prior belief.

g > A (6)

The equilibrium market rate is determined based on this belief. We focus on the case
where an equilibrium market rate exists. In this case, creditors’ expected return rate from
an H-type bank is 1 4 rj;. Similarly, their expected return rate from an L-type bank in
the up state is also 1 + r,;. Creditors’ expected return rate from an L-type bank in the
down state is %. This is because, in the down state, an L-type bank goes bankrupt as
we proved before. As a result, its asset is allocated between the central bank and creditors

proportionally to their principals.?

Thus the equilibrium market rate is decided by

l=g(l+ry)+(1—g) <p(1 + )+ (1 —p)AgL)

e (1 - Al]jL) (g + (11— 9p 1) )

3For simplicity, we assume that when a bank’s asset value is below the principals of its debts, its asset
will be allocated among creditors proportional to their principals.




ARg—Lcp(l+rge) Rp\ 4
D—Lcp Py 2

We focus on this case and assume that this condition always holds. Note that the quantity

In order for an equilibrium market rate to exist, 1+7r}, < min{

that an H-type or L-type bank will borrow is the same so that any information about the
type of each bank is not revealed.

Next, we find the market rate if a bank deviates to not applying for central bank loans.
Then we need to specify creditors’ belief off the equilibrium path first. Let A € [0, 1] be
the probability that a creditor assigns to a bank being H-type when observing it not
borrow from the central bank. When X is sufficiently low, the market freezes and a bank
will gain the minimum payoff of zero equity. As a result, banks will have no incentive to
deviate. We focus on the case where \ is high enough such that the market rate exists.

The market rate off the equilibrium path, denoted by 7/, is determined as follows:

= (1 - Az?L) (X i (11— o 1) ®)

Proposition 2 summarizes the results.

Proposition 2. The pooling equilibrium where both types of banks apply for central bank
loans exists if and only if

(1= 0)[ARy — D(1 +ry) + Lep(ru —rep)] — [ARg — D(1 + 7)) > 0 (9)

It implies that this equilibrium exists if and only z'fS\ 15 lower than a threshold level, S\WL,
which 1s determined by

(1—¢)[ARy — D(1 + ) + Lep(ray —res)] — [ARg — D(1 + #ar(Anp))] =0 (10)

Proof: see the appendix. B

The intuition behind proposition 2 is as follows. H-type banks have a less strict no-
deviation condition than L-type banks, because H-type banks’s payoff from following the
equilibrium strategy of applying for central bank loans is higher than L-type banks: they
will be identified as H-type for sure, while L-type banks may be identified as L-type with
probability ¢. Meanwhile, two types of banks have the same payoffs from deviating to
not applying for central bank loans. In addition, with a higher belief off the equilibrium

ARy—Lcp(1+rcB)
D—Lcs

4The maximum market rate that an H-type bank can pay is

AR _DLffé:LTCB ) could not be an equilibrium market rate. 1473, > % could not be an equilibrium

rate, as we explained previously.

. Thus any 1+ 73, >




path (a higher /A\)7 the creditors will charge a lower 7); when a bank deviates, inducing a
stronger incentive for banks to deviate. When A\ < j\th, L, condition (9) holds such that
L-type banks will not deviate. It implies that H-type banks will not deviate either since
they have a less strict no-deviation condition. Because an equilibrium exists if and only
if both types of banks do not deviate, we have a threshold level of 5\, 5\th7 1, below which

the equilibrium exists.

2.4 A numerical example

Here we provide a simple numerical example to illustrate the intuition of our analytical
results. The parameter values are given as follows: A =0.7, A =1, Ry = 1.2, R, = 0.4,
p=0.25 D=0.9e=0.1, Lcg =025 rcg =0, vg = 0.8, v, = 0.7, and ¢ = 0.25. We
will use these baseline parameter values in the rest of the paper. Note that these values
satisfy the assumptions in the model. First, the expected value of an L-type bank’s asset

is given by
pARy + (1 —p)ARL = 0.6 (11)

which is lower than v, A = 0.7. So it is socially optimal for an L-type bank to liquidate its
asset at date 1. Second, asset liquidation values at date 1 for an H-type and L-type banks
are 0.8 and 0.7 respectively, both of which are smaller than D = 0.9. Third, creditors will
not lend to an L-type bank if they know its type certainly. This is because % = 1.7143,

and we have

RH ARL
(-
P )

=0.7619 < D = 0.9 (12)

In addition, the maximum rate that can be paid by the bank in the up state is % =
CB

1.4615 < f—;’ = 1.5. So the bank will stop borrowing even before the rate reaches Ij—g.
We find that the updated market belief is given by ¢ = 0.7568 > A = 0.7, and the

equilibrium market rate is given by r;; = 0.1240. In addition, the threshold of 7y, below

which an L-type bank will deviate is 0.1707, and the corresponding 5%, 1, below which the

equilibrium exists is 0.6866.
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3 Central bank screening and banks’ ex ante choices

In this section, we extend our basic model to study moral hazard associated with the
LOLR policy. More specifically, we allow banks to choose between a safe and risky assets
at date 0. We will examine how the LOLR policy with central bank screening may affect
banks’ ex ante choices. Our model reveals that: (1) An LOLR policy with a higher
precision level in central bank screening can reduce moral hazard more. (2) If a central
bank can commit to a specific screening precision level before the banks choose their
assets, instead of conducting a discretionary LOLR policy, the central bank will attain
higher social welfare by choosing a higher screening precision level and reducing moral

hazard more.

3.1 A model where ¢ is exogenously given

We first study the case where ¢ is exogenously given. Later we will examine the case

where the central bank optimally chooses ¢.

We assume that there is a continuum of banks with mass 1. A typical bank can choose
between a safe and a risky long-term asset at date 0. The safe asset will mature at date
2 always with a return of Ry. The return of the risky asset is uncertain with two states:
an up state state which occurs with probability p and a down state which occurs with
probability 1 —p. The realized return in each state depends on the incidence of a financial
crisis. More specifically, with a probability of 7, a financial crisis occurs. In this case,
the risky asset’s return at date 2 is Ry in the up state, and Ry in the down state. With
probability 1 — 7, no financial crisis occurs. In this case, its return is Ry in the up state,
and Ry € (1,Ry) in the down state. For simplicity, we assume that the return of all
the risky assets are perfectly correlated. Following the basic model, we assume that each
asset has a fixed size of A, and each bank finances its asset by its equity of ey and its
short-term debts of D. Other assumptions in the basic model about the two types of

banks remain unchanged here.

We assume that banks can derive private benefits from investing in the risky asset,

but cannot derive any private benefit from investing in the safe asset.” Banks are hetero-

SWe introduce private benefits by following Holmstrom and Tirole (1997). The private benefit can be
thought of as actual benefits that a manager can derive or as the costs reduced by adopting a less strict

11



geneous in terms of private benefits that they derive. More specifically, a bank derives
a private benefit of B; = a¢ + a1h; from investing in risky assets, where ay > 0 and
a1 > 0 are constant. Each bank has a different h; that we assume is uniformly distributed
between 0 and 1 among all the banks. As a result, a bank with a higher h; will have a
stronger incentive to choose the risky asset. We denote a bank with a private benefit of
B; by h;.

Note that given the assumptions above, once a financial crisis occurs, banks holding

the safe asset are H-type, and banks holding the risky asset are L-type.

3.1.1 Equilibrium characterization

There may be multiple pooling equilibria in this model as we found in the basic model.
Here we assume that the pooling equilibrium where all the banks apply for central bank
loans exists, and the central bank can always coordinate all the banks toward this equilib-
rium.% In addition, for simplicity we confine our attention to the case where an equilibrium

market rate exists.
Proposition 3 characterizes the symmetric trigger strategy equilibrium in this model.

Proposition 3. With reasonable parameter values, there exists a symmetric trigger strat-
eqy Nash equilibrium in which all the banks with h; below a threshold level of h will choose
the safe asset. All the banks with h; above h will choose the risky asset. Here h is deter-
mined by

m(1 = p)A(Ry — Ry) + (1 — ) [1 — p(1 — )] (13)
[ARH — D(l + TM,gl) —+ LCB<TM,g1 — ’f‘(;B)] =ag+ alh
where
ARL 1
Mo = (1 D ) (91 +(1—g)p 1) (1)
and

g1 = (15)

h
h+(1—h)(1-¢)

risk management procedure.

6We believe that this assumption is realistic. The central bank has an incentive to coordinate all the
banks toward this equilibrium, because its screening will improve social welfare only in this equilibrium.
Since the no-deviation condition for this equilibrium depends crucially on the central bank’s lending
conditions of Lop and r¢p, the central bank can ensure that this equilibrium exists by setting Lo high
and rop low. In addition, a higher ¢ can also make this equilibrium more likely.

12



Proof: see the appendix. B

The intuition behind proposition 3 is as follows. In this equilibrium, bank ~ must be
indifferent between the safe and risky assets. Equation (13) gives bank h’s indifference
condition. The LHS of equation (13) is the gap of bank h’s expected equity values between
the safe and risky assets. The RHS is the private benefit that bank h derives from choosing
the risky asset. Thus bank A is indifferent if and only if equation (13) holds. Any bank
with h; > h has the LHS less than the RHS and will prefer the risky asset. Any bank
with h; < h has the LHS greater than the RHS and will prefer the safe asset.

3.1.2 Numerical examples

Here we give a numerical example to illustrate how the equilibrium threshold level of h;,
h, is determined. Note that since h; is uniformly distributed, the equilibrium proportion
of H-type banks, ), equals exactly h. Let m# = 0.9, meaning that, with a probability of
0.9, no financial crisis occurs. Let ag = 0, a; = 0.08, and Ry, = 1.14. Parameter values
are chosen such that a unique solution to h € [0, 1] exists without a market freeze. The
values of all the other parameters follow the baseline parameter values in the previous

numerical example.

Figure 1 illustrates the intuition about how h, or equivalently the equilibrium A, is
determined when ¢ = 0.5. Note that given A, the proportion of banks choosing the safe
asset, there exists a threshold level of h, h, such that a bank chooses the risky asset if
and only if h; > h. That is, h is a function of \. At equilibrium, h(\) = X, which is
illustrated by the intersection of the A()\) curve and the 45 degree line in figure 1. With
parameter values chosen in our numerical example, we find that starting from any value
of A that excludes a market freeze, the economy will converge to the unique equilibrium
where h(A\) = \.

Figure 2 shows the values of equilibrium A, or h at different levels of ¢. We can see
that higher values of ¢ will induce more banks to choose the safe asset. This is mainly
because with higher values of ¢, insolvent banks will be more likely to be identified and
fail to get central bank loans, inducing a lower expected payoff for the risky asset. Thus
we can see that the LOLR policy with central bank screening can effectively reduce moral

hazard.
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Figure 1: The determination of equilibrium A given ¢ = 0.5.
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Figure 2: Equilibrium A at different levels of ¢.

3.2 A model where ¢ is endogenously chosen

In this section, we extend our model to a case where the central bank is allowed to
optimally choose the precision of screening, ¢. We find this case interesting because
“constructive ambiguity” is often discussed to prevent moral hazard associated with the
LOLR policy. However, in our model we find that if the central bank can commit to a
specific screening precision level at date 0, then it will choose a higher precision level than
if it cannot commit at date 0. As a result, fewer banks will invest in the risky asset at
date 0, and moral hazard will be reduced. Thus, our model reveals that when the central

bank can screen insolvent banks as an LOLR, a clearly specified pre-committed LOLR
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policy in the first place can actually reduce moral hazard.

Assume that the central bank has a screening technology as follows: to attain a pre-
cision of ¢, the central bank will incur a cost of aA¢?, where a > 0 is a constant. Note
that the cost is convex, meaning that the cost for additional precision is higher when the
precision increases. Here we assume that rop = 0 for simplicity. Again, we assume that
the pooling equilibrium where both types of banks apply for central bank loans exists,
and the central bank can always coordinate all the banks toward this equilibrium. The

central bank’s ex ante expected loss function is defined as follows:

EL e = 7[(1=NA(1 = p)(Rg — Ry)] + (1 — )
[(1=XA[Rg — ¢y — (1 — ¢)(pRu + (1 — p)RL)] + aA¢® +

L~ 6)(1 ~ p)(1 ~ N)Les(L — Tty (16)

The first term, 7 [(1 — A)A(1 — p)(Ry — Rar)], denotes the expected social loss in the

absence of a financial crisis. It is caused by banks investing in the risky asset rather than

the safe one. In particular, [(1 — A\)A(1 — p)(Ry — Ra)] is the output gap between the
safe and risky assets without a financial crisis. The second term denotes the expected
social loss when a financial crisis occurs. It consists of three components: (1) the social
loss caused by banks investing in the risky asset rather than the safe one. In particular,
(1=MNA[Rg — ¢y — (1 —¢)(pRy + (1 — p)Ry)] is the output gap between safe and risky
assets with a financial crisis. To see it, note that a safe asset always produces a proceed
of ARy. While a risky asset produces a proceed of A~y with a probability of ¢ when it is
identified by the central bank and produces an expected proceed of A[pRy + (1 — p)Ry]
with a probability of 1—¢ if it is not identified by the central bank. (2) the screening costs,
aAg¢?; and (3) the loss from lending to L-type banks, b(1 —¢)(1—p)(1 —\)Lep(1— ASL ).
In particular, b > 0 is the weight the central bank assigns to the third type of loss. A

higher b means that a central bank is more reluctant to use taxpayers’ money to finance

insolvent banks. (1—¢)(1—p)(1—\)Lop(1—2EL) is the expected losses caused by lending

to L-type banks, because they may fail to repay their full debts. The probability that

the central bank lends to an L-type bank that fails to repay the loans is (1 — ¢)(1 — p).
There is a proportion of 1 — A L-type banks. The central bank loan loss for each of them

is Lop(l — 28L) where 45L is the recovery rate for the defaulted loans. It is obvious

that the second component is decreasing in ¢, and the first and third components are
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Figure 3: Ex ante social losses given different levels of ¢.
increasing in ¢. Note that by assumption, v, > pRy + (1 — p)Ry.

3.2.1 The optimal ¢ under pre-commitment policy

Now suppose the central bank can commit to a specific level of ¢ at date 0. The central
bank minimizes its expected social loss by choosing an optimal level of ¢. Note that since
the central bank can commit to a specific level of ¢, A is now a function of ¢ that is
given by equation (13). The closed-form solution to the central bank’s loss minimization
problem is not available. Here we give a numerical example with a = 0.15 and b = 0.5
to illustrate the intuition. The rest parameter values follow the baseline ones. Figure 3
shows the result. The social loss reaches its minimum value of 0.023 when ¢* = 0.653.
The resultant equilibrium A is A%, .. = 0.8266. That is, with this pre-committed LOLR
policy, 82.66% of banks will choose the safe asset at date 0.

3.2.2 The optimal ¢ under discretionary policy

Now we consider the case where the central bank cannot commit to a specific level of ¢
at date 0, that is, the central bank conducts discretionary policy. Backward induction
is used to find the equilibrium. First, at date 1, the central bank will minimize its loss

function, taking A\ as given. Note that the central bank’s ex post loss function is now
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given by

EL Pt — (1= X\)(1—¢)A[y, —pRy — (1 — p)Ry] + aAd® +

M1~ 6)(1 = N1~ p)Lep(l — AE) a7)

Its first component differs from the one in the commitment case. This is because now the
central bank takes A as given, and the first best allocation occurs when all the L-type
banks liquidate at date 1. Thus the central bank’s expected output gap between the actual
and first best allocation for each L-type bank is v, A— ¢y, A—(1—¢)(pRy+(1—p)RL)A =
(1= ¢)Alyr — pRy — (1 — p)RL].

The first order condition gives us ¢* = min{:=2[y,A — pARy — (1 — p)AR, + b(1 —
p)Lop(l — 2482)] 117 1t is straightforward to see that the central bank will choose a
higher ¢ if the proportion of L-type banks is large (1 — A is high), the screening technology
cost is cheap (a is low), the social cost of an unliquidated asset of L-type banks is high
(vvA—pARy — (1 — p)ARy is high), and the expected loss from lending to L-type banks

is high ((1 — p)Leg(1 — 48L) is high).

Now we move back to date 0. Rational banks will take into account the optimal

choice of the central bank at each level of A and choose between the safe and risky assets.

*

Therefore there exists an equilibrium level for both A and ¢, AJ,...ction

*
and ¢discretion such

*
discretion

that given that ¢ = ¢%....ion, the trigger strategy h = A
banks. On the other hand, given that A =

is optimal for all the

the central bank will optimally

*
discretion’

choose ¢ = ¢4, ..crion 1O Minimize its ex post loss function.

The closed-form solutions for \j,. .. ciion @0d @ erion are Not available. Here we give a
numerical example with the same parameter values as in the commitment case to illustrate
the result. We find the solutions numerically as follows. First, at each given level of ¢,
we find the corresponding equilibrium trigger strategy h of banks at date 0. Thus A is a
function of ¢ that we denote by h = I'(¢). Second, at each given level of A = h, we find
the corresponding optimal ¢ that the central bank chooses. Thus ¢ is a function of h.

The equilibrium occurs at the intersection of the two functions.

*

Figure 4 shows the equilibrium. ¢%;. . .1i,, = 0.2574, and the corresponding \ =

discretion

= 0.653 and \* =

commit

0.7461. Recall that under the pre-commitment policy,

*
commit

0.8266. Then we can tell that both equilibrium ¢ and A are higher under the pre-

"The second order condition is satisfied to guarantee a minimum solution.
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Figure 4: Equilibrium A and ¢ under the discretionary policy

commitment policy than under the discretionary policy. Moreover, we find that the ex
ante social welfare loss defined by equation (16) under the discretionary policy is 0.0268,
which is higher than the one of 0.023 under the pre-commitment policy. Thus, we find that
if the central bank can commit to an LOLR policy with an optimal screening precision
level, it will attain higher social welfare and reduce moral hazard. The reason that the
central bank will choose a higher ¢ under the pre-commitment policy is that the central
bank has an incentive to use the LOLR policy to affect banks’ choices at date 0 if it can
commit. If it cannot commit, this incentive disappears. Thus the central bank will choose

a higher ¢ to deter more banks from choosing the risky asset at date 0 if it can commit.

4 Conclusions

This paper studies the LOLR policy when insolvent banks have an incentive to gamble
for resurrection, and neither the central bank nor the market can distinguish between
illiquidity and insolvency. We find that provided that the central bank can screen insol-
vent banks imperfectly, both the pooling equilibria in which, on one hand, all the banks
borrow from the central bank and, on the other hand, all the banks do not borrow from
the central bank could exist, conditional on creditors’ beliefs off the equilibrium path.
However, neither equilibrium is socially efficient because insolvent banks will inefficiently
continue to operate. In addition, we find that if we allow banks to choose their assets

at the beginning of the model, the precision in central bank screening will greatly af-
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fect banks’ decisions. An LOLR policy with high precision in central bank screening can
greatly improve social welfare not only by singling out insolvent banks and forcing them
to liquidate early, but also by deterring banks from choosing risky assets in the first place.
Thus, the precision of central bank screening is the key to reduce moral hazard. Finally,
we find that if a central bank can commit to a specific precision level before the banks
choose their assets, rather than conducting a discretionary LOLR policy, it will choose a

higher precision level and attain higher social welfare.

A  Proof of condition 5

Let r5; denote the market rate that creditors offer to banks. We know that a bank will
never borrow on the market if 1 4 ry; > RTH, where v = vy for H-type banks and v = v,
for L-type banks. This is because with such a high market rate, the bank is always better
off by liquidating its own assets (please see appendix B for a rigorous proof). As a result,
the highest possible return rate that a creditor can gain from lending to an L-type bank

is14+ry = f—f, and the highest possible expected return that a creditor can gain from

lending to an L-type bank is pf—f + (1 —p) AgL. By assuming p% + (1 —p) AgL < 1,

creditors’ expected return rate from lending to an L-type bank can never exceed 1. Thus

they will never lend to an L-type bank. B

B Proof of proposition 1

We first prove the optimal choices for H-type banks. More specifically, we prove that
when 1+ 7y < f—g, an H-type bank will always roll over all of its debts by borrowing on
the market and will never liquidate its asset. On the other hand, when 1 + 7, > %, an
H-type bank will never borrow on the market and will always liquidate its asset until its

debts are repaid.
Suppose that an H-type bank chooses to liquidate [y of its asset, where 0 < Iy < A.

When an H-type bank does not borrow from the central bank, its net asset value is given
by
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When an H-type bank borrows from the central bank, its net asset value is given by

NVH = (A — lH)RH — (D — ’YHZH — LCB)(l + TM) — LCB(l + TCB) (19)

In both cases, the first-order derivative of NV with respect to Iy is given by % =

—Ry +va(1+7y). It is straightforward to see that when 1+ 17, < f—g, % < 0. Thus

[3; = 0. That is, an H-type bank will never liquidate its asset when 1 + 7y, < Ij—g. When

14+ry > ?—5, 85;;?’ > 0. Thus l;; = A. That is, an H-type bank will liquidate all of its

asset when 1+ 7, > Ij—g. Note that the bank will have to liquidate all of its asset and go

bankrupt in this case because we assume ygA < D.

Now we prove the optimal choices for L-type banks. More specifically, we prove that
when 147y < f—f, an L-type bank will always roll over all of its debts by borrowing on
the market and will never liquidate its asset. On the other hand, when 1 + ry; > f—f, an
L-type bank will never borrow on the market and will liquidate its asset until its debts

are repaid.

In order to prove the above results, we first prove that an L-type bank’s net asset value
is always negative such that its equity value is always zero in the down state. The proof is
as follows. No matter whether an L-type bank borrows from the central bank or not, the
maximum payoff that an L-type bank can gain from its asset in the down state is the one
when it liquidates all the asset at date 1, Ayy. This is because vy, > Ry by assumption.
No matter whether an L-type bank borrows from the central bank or not, the minimum
repayment for an L-type bank’s debt is D when it is charged a zero interest rate. Thus,
the maximum net asset value for an L-type bank is Ay, — D. However, by assumption,
A~ < D. Thus, an L-type bank’s net asset value in the down state is always negative.
As a result, an L-type bank’s equity value in the down state is always zero. This result

implies that an L-type bank aims only at maximizing its equity value in the up state.

An L-type bank’s net asset value in the up state is the same as that of an H-type

bank except that now 7, replaces vgy. Thus we prove the results. B
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C Proof of proposition 2

When an H-type bank follows the equilibrium strategy, its equity value is given by

eg = ARH — LCB(l + TCB) — (D — LCB)(l + ’r’M)
= ARy — D +7ry) + Leg(ry —res) (20)

where 7, is given by equation (7).
If an L-type bank applies for central bank loans, it will be rejected with a probability
of ¢ and will be accepted with a probability of 1 — ¢. Using subscripts A and R to denote

the cases where the loan application is accepted and rejected, respectively, we have

6%714 :ARH—LCB(l—l—TCB) — (D—LCB>(1—|—T’M) (21)
eclll’A - 0 (22)
€L.R = 0 (23)

The equity value of an individual bank deviating to not applying for central bank
loans is as follows. An H-type bank will borrow a debt of D at the market rate of 7.

Thus its equity value is:
éH,NCB :ARH—D(l—f-TA’M) (24)

where 7 is given by equation (8).
An L-type bank will also borrow a debt of D at the market rate of 7;, and its date 2
equity will be

¢l nop = ARy — D(1+7ar) = émnes (25)
€r.nes =0 (26)

An H-type bank’s no-deviation condition is ey > éy yop. We have

€g — éH,NCB
= [ARH - D(l + TM> -+ LC’B(TM — TCB)] — [ARH — D(l + fM)]

= LCB(TM — TCB) — D(?"M — TA’M) >0
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An L-type bank’s no-deviation condition is (1 — ¢)pe} 4 > p€} yop, or (1 — @)e} 4 >

€} nop- We have

(1- ¢)€7Z,A - éqZ,NCB

= (1=9¢)[ARy — D(1 +ry) + Lep(ru — rep)] — [ARy — D(1+ 7ar)] > 0 (27)

which is condition (9). Comparing these two conditions, we can see that ey — éy nop >
(1— ¢)e%7 A~ é’i’ ~op such that an H-type bank’s no-deviation condition is easier to hold.
The intuition behind this result is that an L-type bank cares only about its equity value
in the up state. An H-type bank has a higher equity value from applying for central bank
loans than an L-type bank in the up state because it will always be identified as H-type.
On the other hand, the equity values of H-type banks and L-type banks in the up state
are the same when they deviate.

Note that the LHS of both types of banks’ no-deviation condition is strictly increasing
in 7). Since 7y is strictly decreasing in 5\, there exists a threshold level of 5\, say Xth’ H,
above which an H-type bank will always deviate. Meanwhile, there exists a threshold level
of 5\, say /A\th’ L, above which an L-type bank will always deviate. Since ey — éynop >
(1 —o)et 4 — €f neps We have A > MhL-

An equilibrium exists if and only if both types of banks have no incentive to deviate.
Thus we find that a pooling equilibrium in which both types of banks apply for central
bank loans exist if and only if A< S\th, . 1

D Proof of proposition 3

First, we find the threshold level of h;, h. A bank with a private benefit of B(h) must
be indifferent between investing in safe and risky assets. Its expected date 2 equity value

from investing in the safe asset is given by:
Ee® = 7T‘efwshock + (1 - Tr)ezhock (28>

Here €} .poee = AR — D denotes the bank’s equity value at date 2 in the absence of a
crisis. In this case, all the banks will be solvent and roll over their debts at the riskless
rate of zero. €3, .. denotes the bank’s equity value at date 2 when a crisis occurs. In this

case, a proportion A = h of banks will be H-type, and a proportion 1 —\ = 1 —h of banks
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will be L-type. The equity value at date 2 for the bank to choose the safe asset is given
by equation (20), which we replicate here:

Chock = ARy — Lep(1+rep) — (D — Lep)(1+ rarg,)
= ARy — D(1 +rumg) + Lop(rag — roB)

where 7,4, is given by equation (7), which we replicate here:

= (1= 5%) G o 1)
Mar D J\gi+(1—g)p

and \ = h. Note that here we focus on the case with no market

B A
Here 91 = soa=hya—s

freeze.

As a result, the bank’s expected equity from choosing the safe asset is
Ee® =m(ARy — D)+ (1 = n)(ARy — D(1 4 rarg,) + Len(Targ — ToB)) (29)
If the bank chooses the risky asset, its expected equity value at date 2 is given by:
Ee" = mEe;ognoer + (1 = T)Ee o0, (30)

Here Ee! ;. = P(ARy — D) + (1 — p)(ARy — D) denotes the bank’s expected equity
value at date 2 in the absence of a crisis. Fel, ., denotes the bank’s expected equity value

at date 2 when a crisis occurs. We have

Eelpe, = (1 =p) x 0+ pp x 04 p(1 — ¢)e] 4 (31)

where e} 4 = €3}, 1 given by equation (20). We have the above equation because when
a crisis occurs, with a probability of 1—p, the down state is realized and the bank’s equity
is zero. With a probability of p¢, the up state is realized and the bank’s application is
rejected by the central bank. In this case, the bank’s equity is zero too. With a probability
of p(1 — ¢), the up state is realized and the bank’s application is accepted by the central
bank. In this case, the bank’s equity is given by e} 4.

The bank with h; = h must be indifferent between the two choices. Thus we have
Ee® = Ee" + (ag + aih) (32)
As a result, we have
(1 —p)A[Ry — Ry]+ (1 — 7)1 —p(1 — @) [ARy — D(1 +7a1g,) + Len(targ, — roB)] = ao + arh
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Next we prove that this trigger strategy h is optimal for each bank. It is straightforward
to see that given that each bank follows this trigger strategy, any bank with h; > h will
have the LHS of the above equation unchanged, and the RHS higher. Thus it is indeed
optimal for it to choose the risky asset. On the other hand, any bank with h; < h will
have the LHS unchanged and the RHS lower. Thus it is indeed optimal for it to choose
the safe asset. Note that e, ., is strictly increasing in h. We assume that the values of
ap and a; are so that a unique solution between 0 and 1 to equation (13) is guaranteed

when there is no market freeze. B

E Proof of the existence of a pooling equilibrium
where all the banks do not apply for central bank
loans

The market rate when a bank follows the equilibrium strategy, r,,, is given by

o= (-5 (v ) &

When a bank deviates, the market rate depends on creditors’ belief off the equilibrium

path. Let A denote creditors’ belief off the equilibrium path that a bank is H-type when
observing it deviate to applying for central bank loans. If a bank’s application is rejected,
then creditors will know that the bank is L-type, and the bank will not be able to get
loans from the market either. If a bank’s application is accepted, then creditors’ ex post
belief that the bank is H-type will become

_ 51 > A
A+ (1=X)(1-29)

§= (34)
When A and subsequently § is sufficiently high, the equilibrium market rate, now denoted

by 7,4, exists and is given by

it = (1 - AﬁL) (g+ = 1) (35)

ARy—Lcp(l+rcB) Rm
D—-Lcg > ye b

) is the maximum interest rate that an H -type bank

When ) is sufficiently low, or more specifically, when 1473, , > min{

ARg—Lgp(l+res
D—Lcp

can pay to the creditors when it deviates to borrowing from the central bank. Thus an

the market freezes.
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equilibrium market rate cannot exceed it. We also proved previously that any 1+ 73, >

Ij—g could not be an equilibrium market rate. In this case, banks will liquidate their assets

to repay their debts of D — Lcp at date 1. Since 7y, is strictly decreasing in ), there

ARg—Lgp(l+res
D—-L¢p

exists a level of A, A freeze; below which 1+73, > man{ ), %}’ and a market

freeze occurs.

We first consider the case without market freeze (5\ > S\freeze). In this case, the

equilibrium market rate, now denoted by 754, exists. The market rate is given by

Fits = (1 - AﬁL) (g e e 1) (36)

When banks follow the equilibrium strategy and borrow only on the market, two types of

banks’ payoffs are given by
eanes = ARy — D(1+ 1)
6dL,NoB =0
Now consider banks’ payoffs when they deviate. If an H-type bank deviates, its date
2 equity will be
ey = ARH — LCB(l + TCB) — (D — LCB)(l + fM,g)
= ARH — D(l + fMjg) + LC’B(fM,g - TC'B) (37)
If an L-type bank deviates, it will be identified as L-type and gain zero equity with

probability ¢. With probability 1 — ¢, it can successfully get central bank loans and then

borrow on the market at the rate of 7y 4. Its equity values in different cases are specified

as follows.
€r,rej = 0 (38)
€7 ace = ARy — Lep(1+1ep) — (D — Lop)(1 + Targ) = €n (39)
éc[l/,Acc = O <40)

An H-type bank’s no-deviation condition is ey yop > €p, or

[ARH — D(l + TM)] — [ARH — D(l + ’I:M7g) + LCB(fM,g — TCB)]

= D(fMg — TM) — LCB (fM,g — TCB) >0 (41)
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An L-type bank’s no-deviation condition is pe} yop > (1 — @)pe} 4., or
[ARH — D(l + T’M)] — (1 — gb)[ARH — D(l + fM,g) + LCB(fM,g — TCB)] >0 (42)

It is obvious to see that an L-type bank’s deviation payoff is lower than an H-type bank.
As a result, an H-type bank has a stronger incentive to deviate than an L-type bank.
Next, we consider the case with a market freeze (5\ < XfTeeze). In this case, banks
attain the same payoftf when following the equilibrium strategy. However, their payoffs
when deviating are different now. A deviating bank faces a market freeze and has to

liquidate its assets. For an H-type bank,

D—L
’YHZHID—LCB:HH:V—CB (43)
H

and

éH,freeze - (A - lH)RH - LC’B(1 + TCB)

D R

= ARy — —Rpy+ Lep(ZE — 1 —rep) (44)
YH YH
Similarly, for an L-type bank

D—-L
Yl =D — Lep = 1, = L (45)

L

and

é%,freeze = (A - ZL)RH - LCB(l + TCB) (46>
édL,freeze =0 (47)

As a result, provided that there is a market freeze, H-type banks’ no-deviation condition
is:

. R R
€H,NCB — €H, freeze = D {V_H —1- TM} - LCB(TH —1—rcp) >0 (48)
" H

If an L-type bank deviates, its expected equity value is given by:

éL,devi = 0x (1 _p) +p(1 - gb)é%,freeze +p¢ x 0
= p(l - (b)éz,freeze (49>
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As a result, its no-deviation condition changes into PE NeB > €L.devis OF

ez,NC’B - (1 - qb)élli,freeze = €H,NCB — (1 - gb)é%,freeze >0 (50)

Recall that €7 ;..... < €u freeze because H-type banks have a higher liquidation rate
(vg > 7). Meanwhile, 0 < ¢ < 1. As a result, H-type banks have a stricter no-deviation

condition. That is, H-type banks are more likely to deviate.

The above analysis reveals that in both cases with and without market freeze, H-type
banks have a stricter no-deviation condition. Since an equilibrium exists if and only if
both types of banks have no incentive to deviate, in both cases with and without market
freeze, the actual no-deviation condition is given by the no-deviation condition of H-type
banks.

Note that once condition (41) is satisfied, condition (48) will always be satisfied,
Ry
YH 5 N
exist is that when A < Ajyec.e, condition (48) is satisfied. If condition (48) is not satisfied,

because —1>7y,yand D > Lep. Thus, a necessary condition for this equilibrium to

such an equilibrium can never exist.

In sum, when 2> freeze, & deviating bank does not face a market freeze. In this case,
a pooling equilibrium where neither type of bank applies for central bank loans exists if
and only if condition (41) holds.

When \ < S\fmeze, a deviating bank faces a market freeze. In this case, this pooling
equilibrium exists if and only if condition (48) holds. This pooling equilibrium will never

exist if condition (48) does not hold. W
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