Department of Economics and Finance
University of Guelph

Discussion Paper 2017-02

INFORMATION AGGREGATION IN A
PREDICTION MARKET FOR CLIMATE
OUTCOMES

By:
Elmira Aliakbari and Ross McKitrick



INFORMATION AGGREGATION IN A PREDICTION
MARKET FOR CLIMATE OUTCOMES

Elmira Aliakbari! and Ross McKitrick?

1Fraser Institute, Vancouver BC, Canada
2Department of Economics, University of Guelph, Guelph ON Canada
Corespondence to: ross.mckitrick@uoguelph.ca, 519-824-4120 X53051

February 3, 2017

Abstract

Two forms of uncertainty in climate policy are the wide range of estimated marginal costs
and uncertainty over credibility of rival information sources. We show how a recently-
proposed solution to the first problem also addresses the second. The policy is an
emissions tax tied to average temperatures, coupled with permits that exempt the emitter
from paying the tax in a future year. It has been shown that the resulting tax path will be
correlated with future marginal damages. It has been conjectured that the permit prices
will yield unbiased forecasts of the climate, which, if true, would address the second
uncertainty. We confirm the conjecture by showing a trading mechanism that converges on
unbiased forecasts if traders are risk-neutral. Risk aversion slows down but does not
prevent convergence. We also show that the forecasts are more likely to be sufficient
statistics the stronger the consensus on climate science.

Keywords: Climate change, uncertainty, carbon tax, tradable permits, state-contingent
pricing, prediction markets.

JEL Codes: Q54, Q58, H23, G13
Running title: Prediction Market for Climate Outcomes

Acknowledgment: The authors thank the Institute for New Economic Thinking for financial
support.


mailto:ross.mckitrick@uoguelph.ca

Information Aggregation in a Prediction Market for
Climate Outcomes

Abstract
Two forms of uncertainty in climate policy are the wide range of estimated marginal costs

and uncertainty over credibility of rival information sources. We show how a recently-
proposed solution to the first problem also addresses the second. The policy is an
emissions tax tied to average temperatures, coupled with permits that exempt the emitter
from paying the tax in a future year. It has been shown that the resulting tax path will be
correlated with future marginal damages. It has been conjectured that the permit prices
will yield unbiased forecasts of the climate, which, if true, would address the second
uncertainty. We confirm the conjecture by showing a trading mechanism that converges on
unbiased forecasts if traders are risk-neutral. Risk aversion slows down but does not
prevent convergence. We also show that the forecasts are more likely to be sufficient

statistics the stronger the consensus on climate science.

1 Introduction
A policymaker wanting to address the climate change issue faces many information

problems. This paper examines novel solutions to two of the most acute: uncertainty
regarding marginal damages of greenhouse gases, and incomplete or biased selection of
information for presentation to policymakers. The first derives in part from scientific
uncertainty over Equilibrium Climate Sensitivity (ECS), which is defined as the projected
long term climate response to doubling the concentration of CO2 in the atmosphere, after

enough time has passed for all components of the climate system to adjust. A widely-used
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study by Roe and Baker (2007) yielded an ECS distribution with a 5t percentile of 1.72 °C
and a 95t percentile of 7.14°C (IWG 2010). Applying this distribution and a 3 percent
discount rate, Integrated Assessment Models (IAMs) generate a range of marginal damage
estimates spanning -$22 to $727 per tonne of CO2 (IWG, 2013). Hence, just based on
mainstream climate and economic modelling, all we appear to be able to say is that the
optimal climate policy is somewhere between a small subsidy for, and an effective ban on,
all emissions—a rather unhelpful state of affairs to say the least.

Past attempts to reduce the uncertainty of climate policies are reviewed in Section 2.
The approach considered herein involves a temperature-indexed carbon tax (McKitrick,
2011) that presents emitters with a dynamic pricing rule rather than a commitment to a
specific price path. On an ex-post basis, the rule yields a price path highly correlated with
the unobservable true marginal damages trajectory, thus contributing to resolution of the
first form of uncertainty, since firms subject to the tax must form unbiased expectations
about future values and plan accordingly. A proposed modification to the policy instrument
can also address the second information problem. To facilitate expectations-formation, Hsu
(2011) proposed pairing the tax with a sequential futures market for tradable certificates,
each of which would exempt the holder from paying the tax on a tonne of emissions in a
specified future year. He conjectured that since firms have a financial incentive to get the
forecasts right, the price path thus generated would provide the most objective and
informative forecast of future marginal damages and, by implication, future climate
warming, since investors will have an incentive to use all available information, i.e. to avoid
cherry-picking.

This paper is concerned with the conditions under which the permits trading



mechanism would provide informative and unbiased forecasts of future climate states. We
refer to the temperature-indexed pricing rule as a state-contingent carbon tax, and the
trading system as a futures market for exemption permits. Since projected damages are
expected to occur rather far in the future, they cannot be directly measured and will be
strongly dependent on the modeler’s choice of ECS, among other parameters. Policymakers
must therefore rely on damage estimates that rest on expert opinion, which raises the
possibility of bias since scientists will be aware that their parameter selections have
implications for policy outcomes over which they may have preferences (Johnson 2012,
InterAcademy Council 2010). A prediction market that generates a state-contingent carbon
tax path based on expectations among agents who have a financial incentive to get their
forecasts right would potentially resolve this problem by creating an incentive to form
unbiased climate projections. An ideal auction price should therefore be both an unbiased
estimate of the actual future price (and hence the actual future climate state), and also a
sufficient statistic (making efficient use of all available information).

We model a prediction market implementing the McKitrick (2011) and Hsu (2011)
state-contingent carbon tax/prediction market system using an auction framework
developed by Kyle (1985) and Foster and Viswanathan (1996, herein FV96). Three types of
traders are assumed to participate. Risk-neutral firms subject to the emissions tax are
assumed to have private access to noisy signals about the likely future climate state and
hence the likely future tax rate, and to make bids for permits based on their profit-
maximizing strategies. Also, an unspecified number of uninformed traders generate noise
in the market by trading based on purely random signals about the future climate state

rather than informative private signals. A market maker who only sees the aggregate order



flow but does not observe individual bids or the number of uninformed traders clears the
market in each round of bidding, thereby generating a price signal which is incorporated
into information sets by traders in subsequent trading rounds. Employing a proposition
due to FV96 we confirm part of the conjecture of Hsu (2011) for the case of risk-neutral
traders: such a prediction market would yield an unbiased forecast of the future tax rate,
and hence the state of the climate.

It is less clear that the prediction market would efficiently use all available
information. An interesting result is that one’s belief about the level of consensus around
climate science would strongly influence one’s interpretation of the market outcome. The
question of the degree of consensus in climate science, and what specific points experts
actually agree on, is itself controversial (Berry et al. 2016, Tol, 2014). We find that, even in
the presence of noisy uninformed traders, the market price will converge to a sufficient
statistic (in other words, an expectation that efficiently uses all available information) if, at
the start of trading, private signals of informed traders are highly correlated, or in other
words, if there is a truly strong consensus on the scientific issues, so that traders seeking
credible information are effectively drawing the same signals regardless of source. In this
case, the trading process we describe will yield a price path that incorporates all relevant
information and no trader would be able to improve on the market price forecast using his
or her private information set. Conversely, to argue that the prediction market outcome
fails to take account of some relevant information about the future path of the climate
requires an assumption that there is no current consensus about climate science.

The FV96 framework assumes traders are risk-neutral. We extend the theory by

allowing firms to be risk-averse. We show that risk-aversion slows down the convergence



process, so the market outcome is more susceptible to the influence of uninformed traders.

Prediction markets were first proposed in 1988 by researchers at the University of
Iowa interested in predicting US presidential outcomes (Segol, 2012). The markets were
designed based on the informational role of prices and the efficient market hypothesis
suggested by Hayek (1945) and Fama (1970). Prediction markets have the ability to
produce credible forecasts since they give participants a financial incentive to be objective
in their expectations. The price of a tradable asset reveals the expectation of all events that
may affect its value. Although market efficiency assumptions have been exposed to some
critiques, especially from behavioral economists, other researchers (Wolfers and Zitzewitz,
2004; Berg et. al., 2008) have shown that prediction markets perform well and generate
accurate forecasts. This motivates our interest in using them for predicting climate change,
which is an application of considerable international importance.

The paper is organized as follows. Section 2 provides the literature review on this
topic. Section 3 presents the model, assumptions, and definitions. Section 4 describes the
linear equilibrium of the model and its necessary and sufficient conditions. Section 5
presents the results. Section 6 extends the existing model to include risk aversion and the

final section briefly summarizes the conclusions.

2 Background and Literature review
There is a large literature on pricing carbon dioxide (CO2z) emissions as a way of

addressing the global warming externality. Using classical theory, this price should be
equal to marginal social damages from emissions. However, in the context of global

warming, there is significant uncertainty regarding the magnitude of the effect of
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greenhouse gas emissions on global warming and the magnitude of the impact that global
warming has on the economy. Hence developing the optimal policy has proved to be
challenging.

Nordhaus (1991, 19934, b) introduced the Dynamic Integrated Climate and
Economics (DICE) model to help study the mechanisms connecting COz emissions,
atmospheric concentration, changes in temperature, and changes in output and
consumption, and the effects over time of these things on welfare. Using a growth model he
found an optimal path for emission abatement and the associated carbon tax conditional on
assumptions about key parameter values. Ever since, many DICE-style Integrated
Assessment Models (IAMs) have been developed. The advantage of the [AM approach is
that it yields a specific price path. A major disadvantage is the assumption that all the key
parameter values are known at the start, and no new information will be obtained over
time, so there is no role for learning. The option of learning would imply that a fixed path is
not prescribed at the start, only a starting value plus a rule for assimilating new
information.

Kelly and Kolstad (1999) relaxed the no-learning assumption by incorporating
Bayesian updating about the relationship between temperature changes and greenhouse
gas levels in the DICE model. Their main result was that it would take between 90 and 160
years for the uncertainty to resolve sufficiently to reject an incorrect policy choice. Leach
(2007) added uncertainty over the time lag of temperature change and found it could take
hundreds or thousands of years until uncertainty is resolved sufficiently to reject an
incorrect policy stance.

McKitrick (2011) proposed an alternative approach that uses the information



implicit in the climate state function by tying the emissions tax linearly to an observed
measure of average temperature. In this way prices are continually updated, and emitters
must form expectations about the future path of warming and the emissions tax. If global
warming is expected to be rapid, taxes will be expected to go up rapidly, and vice versa.
Agents will need to acquire forecasts of climate outcomes in order to make long-term
investments, and would have an incentive to use the most accurate information possible.

In order to provide objective cost information and allow for hedging of investor risk,
Hsu (2011) proposed the idea of coupling the state-contingent pricing rule with a market
for permits, each of which exempts the holder from paying the tax on a unit of emissions in
a future period. The combined policy would both regulate emissions optimally and yield
credible information about future tax rates. The market for future emissions exemptions
would motivate buyers to seek information, which would be revealed when trading
permits over time. Therefore, permit prices could provide the best possible forecasts
regarding future tax rates, as long as the trading process yields objective, unbiased price
expectations. This, in turn, would yield unbiased forecasts of the future temperature path.
Our model herein focuses on the question of whether such a mechanism would yield

unbiased forecasts and make efficient use of all information available to traders.

3 The model

Following McKitrick (2011), at a future date T, a state variable s7, which is a non-

manipulable measure of the climate state,! will be revealed. Based on this observation, the

1 McKitrick proposes the mean temperature of tropical troposphere as measured by weather satellites as the
state variable.



policy maker will impose a tax rate 7;(s;) which is unique, so s; = 7 and vice versa.
Following Hsu (2011), instead of paying the tax in year T, firms have the option to submit
emission allowances that they already purchased in previous years, each of which allows a
one tonne exemption from paying the tax. We assume allowances (which we also call
permits) dated for one vintage T cannot be banked for use in another year. Therefore, the
spot price of a permit p; in future year T must equal the tax rate, so p; = 77(s7).2 Since the
functional form of 74 is known, the permit price also reveals sr.

At current time t consider a market for tradable permits for vintage year T. We
assume there are three types of traders in this market who will trade a specific permit over
h=1, 2, .., kauction rounds. First, there are M risk-neutral traders who possess disparate
private information about the true climatic state in period 7, and thus about the true price
of a permit. Each trader’s initial private information is denoted g;o(T) wherei=1, 2, ..., M.
The private signal can consist both of publicly-available information and privately-acquired
information. Second, there are several uninformed traders who do not possess any private
information and trade as a single entity in this market. This means that a single aggregate
bid emerges from this group. The assumption that uninformed traders are present allows
the results to be robust to the possible presence of agents who act on signals that have no
valid informational content. As we will discuss below, the assumption is also necessary to
avoid the Grossman-Stiglitz (1980) paradox that, if only informed traders are present in a
market, information will not actually be collected and used. Third, there is a set of risk-
neutral market makers who can be considered as large private financial institutions whose

role is to clear the market at zero expected profit. The market makers are responsible for

Z Since t is a linear and known function of s, trading in contracts for the future carbon tax would yield the
same finding as trading in contracts for the future global temperature.

9



facilitating trades in this market.

At the beginning of the first auction round (h = 1), M informed traders receive
different noisy signals regarding the true state variable in a future date T. Using their
private signals they each form different expectations p;r about the future price. Then,
informed traders and uninformed traders simultaneously choose the number of permits
they want to buy and submit their quantities (market orders) to the market makers. We
denote the informed traders’ market orders and the uninformed traders’ aggregate market
order as q;, (P;r) and ury, respectively. Since we are only considering a single vintage
period T, wherever the T subscript is not needed we will suppress it for clarity. At this
stage, when choosing their permit quantity, the only information informed traders have is
their initial signal, so their information set is ;, (g;0). Market makers observe the
aggregate quantities (y, = M, q;, + ury) without seeing individual orders separately, and
they set a price determined by a competitive process that yields zero expected profits for
the market makers, implying that it becomes equal to E [pr|y,]-3 Everyone observes the
price and the total quantities traded. Next, market makers trade a quantity m;, = —yj,.

In the subsequent auctions, informed traders will trade based on their initial signals
and what they learn by observing previous rounds.# In other words, their information set
consists of their initial signals, past prices, past market orders, and past quantities traded
by themselves, which we write as Q;(g;o, P-r, Y-n, qi -n) Where -h denotes all previous
rounds. Market makers do not observe the individual quantities; when they receive the

aggregate quantities, they update their beliefs regarding their estimate of p; and set the

3 The market maker’s expected profit is E(n) = -y» (E(pT) - px) where k refers to the last round of the auctions.
Therefore at each action round h where h#k, a price equal to the expected value of a permit given the
observed order flow, pn = E(prlyn), would yield zero expected profits for market makers.

4 Buying permits on a future market helps investors hedge against costs of future climate policy.
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price accordingly. Hence, their information set consists of the current and past aggregate
order flows and also past prices, Qun (Y5, V_n, P—r)- The process of trading goes for k
rounds where k is some finite, large number. At this point when considering the trading
process for the vintage year T, we ignore information spillovers that might exist from
climatic prediction markets for other vintages. However, this information can be
considered part of the publicly-available information used by traders and therefore would
not have any effect on our model.

The trading set up corresponds to that applied in well-known financial markets such
as the New York Stock Exchange (NYSE) and Tokyo Stock Exchange. The closest application
of this set up is the NYSE call auction opening where market makers indicate a price range,
traders submit their market orders, and at last market makers adjust the initial prices. In
our model we have taken into account strategic behavior of the informed traders given
their private information, meaning that they are not price takers and they consider the
effects of their actions on the price and informational content of the price when choosing
their actions. Since we have a finite number of traders, it is not reasonable to assume price
taking behaviour. For instance, if information is costly to obtain, there might be some large
firms that can invest sufficient amounts to acquire exclusive information, leading them not
to behave as pure price takers.

Choosing the number of permits to make available for a vintage year T is a critical
matter. The number of available permits should be large enough to create a real market so
that traders would have enough incentive to obtain information and engage trading.
However, it cannot be so large as to exceed the emission level associated with the tax that

period, otherwise the price would go below the tax rate and converge on zero, defeating the
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purpose of the hybrid system (Hsu, 2011). In order to avoid this, a policymaker would first
need to have an estimate of the emission level in a future year T, ey, and then set the
number of available permits to be a fraction of that.

Inclusion of an appropriate discount rate for future profits will not change the
results in our model. In the case of a long-term prediction market, we expect traders to
forecast and discount their future tax liability, so that the price of a permit reveals the
discounted expected liability.

Following FV96, we assume that the price of a permit for future year T is a random
variable with a normal distribution with known mean p(T) and variance X(T), so
pr~N(p, X). The “true” price of a permit is a realization of the random variable p that is
fixed and unknown to all the traders prior to T, however, informed traders observe a noisy
signal regarding this true value.

We assume that the signal vector g = [g10, 920, ---» Ymo] is drawn from a multivariate
normal distribution with variance-covariance matrix ¥, and zero means. The form of all
distributions, including pr, is known to all traders in this prediction market. We assume
that all signals have the same initial variance A, the initial covariance (), between any two
signals is the same, and the cross covariance with the true price of the permit ¢ is the same

for all signals. As shown in the Appendix, these three assumptions imply:

E(rl910, 920s 1 9mo) = p + 09 (1)

where g is the average signal and 6 is a constant. This means that a constant multiple of the

average signal, 8 g, is a sufficient statistic for all the information known by traders (all the
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signals) to predict py. In other words, 8 g uses all the available information (all the signals),
and knowing any other functions of g4, 920, ---» guo Will not improve the estimate of p;. As
mentioned before, the normal distribution of the random variable p; with mean p and
variance X is known to all participants. Therefore, all that is needed to predict pr is 8g. In
fact, knowing 8 g would provide us with the best estimate regarding the true value of
permit p; as it is a sufficient statistic for all the available information. This assumption
simplifies the complex model and will be used in the following discussion.

It is helpful to clarify the model thus far using a numerical example. Suppose that in
the year 2016 an auction is held for year 2025 permits. The actual price that we will
observe in 2025 is denoted P,,,5 and is a draw from N (25,50), where p equals 25 and £
equals 50. This information is common knowledge. The actual price in 2025 will be 25 + €.
No one knows this amount, however informed traders have private signals about €.
Therefore, traders using their signals will have different expectations regarding P,,s, such
as (for example) 20, 22, 25, 27, and 29.

Now, suppose that a price p; emerges from the auction for 2025 allowances. If both
px and p + 6 g are the same, for instance if they both equal $25.50, then the price arising
from the auction is a sufficient statistic for all the available information. Auction
participants cannot directly verify whether this is the case because they only observe the
auction price. Suppose, for instance, that p + 6§ = $25.50 but p;, = $25.80. This implies
the auction price has not used all the available information.

What we will show subsequently is that both p, = $25.50 and p; = $25.80 are
unbiased forecasts of P,,5 given the order flow. The difference between the two prices

reflects how much of their private signals firms choose to reveal through trading activity.
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By looking just at the auction price pj, there is no way to know whether it is a sufficient
statistic. Sufficiency can only be inferred based on the information structure of the market.
[t will turn out to depend critically on (), namely the initial correlation of signals, which we
interpret as a measure of the degree of scientific consensus on climate change.

Uninformed traders submit a quantity u, at round h that has a normal distribution
with mean zero and variance ¢. We assume uninformed traders’ order uy, to be
independent of all the other random variables. They have no private information and
nothing can be learned about p; from their actions during the trading process.

The ithinformed trader, given his private information and what he learns from past
prices, submits a quantity gq;, at round h. Market makers observe the aggregate quantity yj,
submitted by both informed and uninformed traders, update their beliefs regarding the
initial signals using g;;, = E[gi0lY1, ---» Y1 ],° and set the competitive price at period h using
Punr = ElgiolV1, -, Yn], meaning that market makers earn zero profits on average, by
assumption.

In this market, information gets fully aggregated if the market price contains
information from all market traders so that each informed trader finds his own private
information, g;, redundant. In other words, private information gets fully aggregated if a

round h occurs in which

Prr = Elprlye, . ¥l = E(orl910, 9205 0 Gmo) = p + 03 (2)

Therefore, if the auction price becomes equal to p + 84, it becomes a perfect

aggregator of information, and consequently an ideal estimate of p;. In this case, the price
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contains all the available information and becomes fully revealing, without containing any
error in predicting pr.> Note that traders do not necessarily know if the observed price p,r
satisfies (2) or not. They only observe the price in this market, not the underlying “true”
price p + 6g. As a result, the magnitude by which the price at an auction, which is also an
estimate of pr, differs from p + 64, shows the level of noise, and is of interest in this

analysis. We define noise Z; as the following:

Zp=Var(p+60g — pnr) (3)

X, measures the magnitude of noise at round h in an auction system conveying information
regarding the expected price of the permit. In other words, it measures informativeness at
each round h in the climate prediction market. If £, equals zero, that would mean that the
price at round h has become exactly equal to p + 68 g, meaning that all the information has
been aggregated and incorporated into the price. In other words, the action price is an
unbiased estimate of the true value p, though it contains some noise and the magnitude of
this noise shows the extent to which prices become informative in this market.6

After h rounds market makers observe (y;, ... ¥;,) and learn about private signals, so
at round h, the it" informed player has an informational advantage relative to market

makers that is equal to:

gin = Gio — ElgiolY1, » 1] (4)

5 In particular, we assume that the ideal estimate of py, p + 83, is indeed equal to py.

6 FV96 assumed p to be equal to zero so that they defined X, as the variance of (6 g — ppr).
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FV96 also define the following variance covariances in order to measure the
remaining information:
Ap =Var(giolyr, ., yn) = Var(gn) (5)
Qn = Cov(gj0, gio|y1, - vn) = Cov(gjn, gin) (6)

where i and j are two different traders.

4 The Equilibrium
We have used the FV96 and Kyle (1985) auction model to characterize a permits

trading system that would implement the Hsu (2011) exemption allowance proposal. Now
we need to characterize the equilibrium that emerges and explore the properties of the
resulting prices as they relate to the question of whether such a market would yield valid
climate forecasts. Following Kyle (1985) and FV96, a Bayesian Nash equilibrium exists if

there is a vector of strategies (q, g2, ---, qu, p) such that:

1. For reach trading round h = 1, 2, ..., k and for every informed trader i, i =1, 2, ..., M, an
alternative strategy q; = (qiy, 4iz, ---» qi) Would result in a lower or equal expected profit
for firm i given this information set, the pricing rule, and strategies of the other informed

traders:

E(mn(q1, 920 ) Qi 0 Qs P\ Gior Gimnr Y-1) < E(mn(q1, Q20 ) Qis o Qs )| Gi0r Qiorir Y1)

(7)
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i.e. The optimal strategy of trader i at period h should be best no matter what strategies he
played in previous periods; and
2. The price atround h =1, 2, ..., k becomes equal to the expected value of the permit given

the observed order flow up to h; and given the strategies of the informed traders.

Pnr = E[plel'yZ""'yh] for h = 1' 2) 'k (8)

This is a market efficiency condition that makes price become an unbiased estimate of the
future price and hence the future tax rate. This condition can be viewed as being a result of
a Bertrand auction among at least two risk-neutral market makers who can observe only
the total quantities in the market. The Bertrand auction would result in a price which yields
zero profits for market makers, indicating that price becomes equal to the permit’s

expected value.

FV96 used dynamic programming and backward induction to characterize a linear
equilibrium in this setting. Proposition 1 restates their result in the context of the

application developed herein, showing the existence of an equilibrium.

Proposition 1

There exists a recursive linear Markov equilibrium that satisfies conditions 1 and 2.
The equilibrium occurs where all informed traders i =1, 2, ..., M submit bids of the form
qin = Pngin for all trading periods h =1, 2, ..., k, and prices become equal to p;, = p_1 +

AnYn, Where the parameters S5, and y;, are defined as follows:
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Nh = AP
A [T+ (1 + ¢p(M-1))(1- ((An¥r/0))]

Brn =

_ (A-2ppA) (- Anpn(M -1)/6))
"h 2An (1= upAp)

AnBh

1—
0

2
ap_1 = (Mp = ApPrll+ M — D)) Bn + ap [1+ M — 1)¢h]]

ApBr(M —1)
0

Vo1 = (= ABrl1+ (M — DDy — AnYnBn + Bn (1 - +¥,(1

AnBr AnBn(M — 1)

~ o [1+ M —-1)¢ D1 - ) — AnYn)
Afn(M — 1) AnPr(M —1)
Wh-1 = —AnYi + Ya <1 Y E— + pp(1 - B R AnYn)?
ah7\2 8}217\2
8p—1 =06 + 9—;105 + ay th [(M — DVar(gjn-1|gi0,¥1, » Yn-1)
BEAR
+ ap [[(M —2)(M — D]Cov(gjn-1, Grn-1|9io» Y1, - Yn-1)

92

2 2
Ah—1 - Qh—1

Var(gjn-1|gio y1, - Yn-1) = v

Cov(gjh—l'grh—llgiO'YL ---:Yh—l) =

Apq
Qp_q
bn = A
0
N :M[l + M- 1)y ]
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Zh = (1 - 6 )Zn—l
M ApBn
Ap =Apq — ﬁ 0 Zhoq
M Ay pn
Qp = Qpy 22 o Lpo1

Where (lhijhzlthSh:O

A second order condition ensuring that the informed traders’ utility is maximized also
holds:
An(1 = ppAp) >0

Proof: see proof of proposition 1, FV96 Appendix.

The stated conditions are the necessary and sufficient conditions for the Markov
equilibrium to hold. The stated recursions were solved numerically in FV96 using a
backward induction algorithm and the equilibrium parameters were calculated for
different correlation structures between the initial signals.

Before proceeding to the next section, it is worth clarifying the role of uninformed
traders in this model. As stated in the above equilibrium, prices are a linear function of the

order flows and become equal to:

Pnh = Pr-1+ Anyn (9)
In period h=1 we will have:
pr=Po+ Myi=p+ L QL frgin + W) (10)
M. g
= pr=p+t Al(ﬁlM%u +uy) (11)
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= pr=p+ 407+ w) (12)

Therefore, in the equilibrium, as stated before and as can be seen from equation
(12), price is a noisy signal of 8 g - a sufficient statistic for all the available information- and
the source of the noise is coming from the uninformed traders’ market order, u,. More
specifically, uninformed traders in this model act as a camouflage for informed traders’
information and help informed traders hide their information from market makers when
trading with them. If we remove uninformed traders from the model, the price becomes
fully revealing as it incorporates and reveals all the available information. In other words,
removing uninformed traders from the model implies that prices in financial markets
always reveal all the available information perfectly. This would lead to a paradox pointed
out by Grossman and Stiglitz in 1980. When the equilibrium price is always a perfect
aggregator of information, no traders would have any incentive to collect costly
information as they know they cannot earn a return on their information gathering.

Therefore, no one would gather information on which prices are based.

5 Properties of the Market Outcome
In this section, we present three properties of the market outcome that emerge from

the analysis of the Bayesian Nash trading equilibrium.
1. The auction price pyr = E[pr|y1,Y2, .-, Yk, is an unbiased estimate of the true future
price pr and hence of sy. The unbiasedness of the price holds because:
E(pir) = E[pr|yn vz, - yk] = Elpr] (13)

Therefore, the unbiasedness condition E (pxr — pr) = 0 holds. In any specific
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outcome, prices are not necessarily equal to the true value, because they contain some
noise, but the average of the existing noise is equal to zero.

2. The stronger the scientific "consensus" about global warming, the more accurate
will be the forecasts implied by the auction price signals. More formally, the higher the
correlation of signals among traders, the closer the auction price gets to p + 6 g, meaning it is
a sufficient statistic, or one that uses all available information efficiently.

This was demonstrated by FV96 through numerical simulations of the equilibrium
conditions. FV96 considered the case of four auctions (k=4) and three informed traders
(M=3) in order to solve their model. They fixed the total available information and
examined four different information structures among traders. Specifically, they
considered four cases for the initial correlation among signals: very high positive (0.9999),
which corresponds to identical information, low positive (0.1818), zero, and low negative
(-0.2857). The evolution of £, which is the variance of the noise in this market, was
computed for the four different cases. Figure 1 is drawn using data from FV96, leaving out
the negative correlation case since it does not apply in this model. It shows how X changes,
or in other words how informative prices become, after four auctions under different signal
structures.

As Figure 1 shows, the higher the initial correlation, the lower the terminal variance
and therefore the higher the price informativeness. The amount of reduction in sigma is
very dramatic when traders have identical information, indicating that most of the
information gets released after running only four rounds. But even when there is no initial
agreement (corr = 0) the variance falls by more than half after four rounds. Results from

Figure 1 imply that traders with almost identical information in the prediction market
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would face more competition and trade more intensely in early rounds, causing more
information to get released. However, traders with more heterogeneous information face
less competition because part of their information is unique and gives them some
monopoly power. As a result, they have less incentive to trade aggressively in early

auctions, causing less information to get released over four auctions.

0.9

0.8

0.7

0.6

0.5
Sigma —&— Corr=0.9999
0.4

Corr=0.1818

0.3 \ Corr=0.000
0.2 \
0.1

Periods

Figure 1. Evolution of sigma with 4 periods, where zero indicates convergence on a full-information
outcome. (Data source: FV96)

3. An auction price pyr is a sufficient statistic (equation 1 holds) for pr only when
informed traders have almost identical private information regarding the state variable.

It was shown before that 8 is a sufficient statistic for the available information to
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predict pr (equation 1). In other words, once 8 g is known, no further information can be
gained about p; by knowing any individual signals g4, g, ..., gu- Therefore, an auction price
pxr becomes a sufficient statistic for p,rwhen it becomes equal to p + 6. As was shown in
Figure 1, p,r becomes equal to p + 6 g or equivalently the level of noise becomes equal to
zero even after only 4 trading rounds when informed traders had almost identical
information in the market. But simulations in FV96 show that, with weaker correlation
signals, ¥ converges to zero but it remains positive even after 800 auction rounds. This
means that repeated trading rounds may not compensate for information heterogeneity if
prior beliefs are sufficiently uncorrelated.

In summary, the climate prediction market we have described for a future period T
yields an unbiased estimate of the true future price, and hence of the climate state. Also, the
level of consensus about climate science strongly influences the effectiveness of the market.
The higher the correlation of information signals prior to trading, the more information is
aggregated by the price forecast during trading. Adding more rounds of trading helps
increase the accuracy of prices even when signals are uncorrelated. Put another way, the
argument that a price emerging from an allowance auction as described herein
systematically ignores important information about the future climate relies on the
assumption that there is no scientific consensus around climate change. Belief that such a
consensus exists implies that the price emerging from the market would use all available

information and therefore would be the most informative climate forecast possible.

6 Extension to risk averse firms
The previous results rely on the assumption that traders are risk-neutral. Here we

extend the framework by considering M informed agents who possess different private
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information and who are risk averse, using the following CARA (constant absolute risk

aversion) utility functions with "A" as a risk aversion coefficient:
UWyy1) = —e(—AWyy1)

where Wy, represents terminal wealth. The following proposition establishes the

existence of a trading equilibrium in this case.

Proposition 2
There is an equilibrium where informed traders submit the optimal order g;, that is a linear
function of initial signals and is given by:

qi = BYio

and the price is set according to the following linear rule:

M
p=x<2qi+u>= Ay
i=1

where f and A are given by:

_ n
2+ 0A(M — 1) + A9

B

Proof.
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The ith informed trader maximizes his expected utility given his initial signal and
given the assumption that other traders follow their optimal strategies. Therefore, at round
h =0, he solves the following problem:

Max,, E[ —e(=AW)I|gi0] = —E[e(—AWO — Aq;(pr — P))lgio] = _e_AWOE[e(PT -
Aq; — A2 q; — A)(—Aqy)| giol (14)

given thatp = A(XL, q; + w) and X, 9; = Bgjo

We assume that all informed traders have the same initial wealth W,,. Using the

Linear-Normal-Exponential model properties, we will have the following:

(15)
E[exP(PT —Aq; — A12i=jq; — Aw)(—Aq)| gio] = exp {E [(PT —Aq; — A+ q; —

2)(~Aq)| gio] +2Var[or - 2q; = 21 3s; 45 - ) (~A)] g6 ]}

Therefore, maximizing (14) is equivalent to maximizing:

E[or —20-2 4~ 1)(~40)1 gio] +5Var[or — 20,2 )~ )(~44)] 9]

i#j i#j

(16)

Since the expression in (16) is a monotone increasing transformation of the expression in
(15).

From (16):

El(pr = 20— 2 ) 4 = 2)(=Aa)| gio] = ~Aq:{ Elprlgiol = 20: = 2 ) EL gjolgio]

i#j i#j
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(17)

Multivariate normality implies that both E[p;| g;0] and E[gj0| Jio] are linear in g;,

therefore (17) becomes equal to:

—Aqi[ngio — 1q; =AM — 1)@gio]

where
Xq.
__ Cov(pr.gio) _ Cov(0g.gi0) _ OCov( ilorgio) _ %[AO'I'(M_:[)QO] _6 1+ (M—1)Qo]
M= Varg) . vartaw | varGm Ao Y Ao
and
_ Cov(gjo, gio) _ &
Var(gio) A
and

Var[(pr — Aq; — ﬂz q; — Aw)(—Aq)| gio]

i)
= A2q?[Var(pr| gi0) + A2B*Var(Zix; gjo |gio) + A202] = A%q?0
where
Y = [Var(prlgio) + AZﬁZVaT(Zi::j jo |gi0) + /1205-

Therefore, the ith informed player’s problem is to maximize

1
—Aqi[ngio — 2q; =AM — 1)pg;o] + EAZ%Z v

with respect to g..

The first-order condition is:

—A[ngio — 2q; — 1M — Degio] + (1) (—Aq;) + A*9q; = 0

q;(2AA + A*9) = Angyy — AABM — Degio
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_N—ABM-TDg
U= a1 o

Therefore g; is a linear function of the initial signal, and £ is given by:

n
C 244 ¢AM — 1) + A

B

Now with respect to the price:

p = Elprlyl = E[pT|2?i1CIi +u] = E[?T'le‘\;ﬁgio +u] = Ay
Asboth py andy (= XM, Bgio + u) are normally distributed, E [p7|y] becomes linear in y
and A is given by:

_ Cov(pr,y)
 Var(y)

where

S M. 9o BM
y=§ﬁgio+u=ﬁM< >+u= go) +u
i=1

M IR
-
o B (o) +w)  covgn, B g0y +u) B yar(go)
 Var((BM/6)(g6) +u) ~ Var((BM/6)(g6) +u) (ﬁ%)z Var(g) + Var@)

(BM/0)?%, + o

This completes the proof.

To check how informative prices become after only one auction round we need to find £,

which is equal to Var(p;|y) by definition.

X, =Var(prly) = Var(goly) = 2‘.0(1 - COTTezg.y) =
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Cov (g‘@,’BTM (go) + u)z\

. <1_ Cov(8g,y)? >=Z 1
0 Var(6g)var(y) ° L Var ('BTM (go) + u)
2
(7) >’
= Zo(1- M 2 )
ol T) Iy +0f]
Therefore,
ol
21 = 20( )
(ﬁTM)Z Xy + o

As was proved, the it" informed risk averse trader would trade q; = fg;o in the first

i

auction where B = m

Since A9 in the denominator is a positive term,

comparing the optimal demand in the case of risk averse traders with the case of risk-
neutral traders indicates that risk averse traders would trade smaller amounts, causing

prices to be less informative. As it was shown, ¥, is given by:

2 r 2 ]

Zl:ZO BM zo-u =ZO O'u - >
) x4 2 n > 2
(9) 0" %u (2/’l+®/1(M—1)+A19 (g) 2o+o

. . 0% . " L
Therefore, in the above equation a_Al is positive and is given by:

2 2
9%, _ 0% 9B _ -2(%) ZoB(Zo0d) - ( o ) _ 2(%) zo?chonp
oA 0B 04 [(%M)Zzomﬁ]z [24+0 AM-1)+49]? [(BTM)ZZO+JEL]2[2 A+0 A(M—1)+A0]2
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As traders become more risk averse, they will trade smaller quantities and as a
result, the permit price would become informative at a slower rate. In other words, we

expect to see a lower rate of reduction in ¥ when adding risk aversion to the model.

7 Conclusion
In this paper we developed the idea of integrating a state-contingent emission

pricing rule with tradable permit markets as a way of obtaining an accurate forecast of the
future climate state. We modeled trading of permits that exempt emitters from paying a
temperature-indexed tax among traders with different private signals and investigated
price formation in this market. With risk neutral traders, we used the FV96 framework to
show how information gets efficiently aggregated and incorporated into prices, making
them unbiased forecasts of the future climate outcomes. Also, we demonstrated that the
initial structure of private information plays an important role in the level of competition
among traders and consequently the extent to which prices become informative. In
particular, the higher the level of scientific consensus (meaning the higher the correlation
of private signals), the more competition traders face, causing more information to get
released. With almost identical information, it takes very few auction rounds for all the
information to get incorporated into the market price. On the other hand, traders with
more heterogeneous information face less competition as they have some monopoly
power. They trade less intensely, causing information to get released more slowly over
time. We showed that, in this case, adding multiple rounds of bidding would help increase
the price informativeness. We also extended the existing model to include risk averse

traders. In this case, they trade smaller quantities and as a result, the permit price would
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become informative at a slower rate.

These results are important because they provide a feasible mechanism for
addressing two serious impediments to climate policy formation: uncertainty about the
optimal future emission price given an available information set, and uncertainty about
whether the information set itself is biased or incomplete. The combined state-contingent
tax/exemption permit auction would yield a forward-looking price path that correlates to
the unobservable inter-temporal marginal damages path, without a regulator needing to
know the current form of the underlying state function connecting the climate to emissions.
The permits auction would yield unbiased predictions of the future climate state. And it
would make more efficient use of all available information the more correlated are private
information signals, in other words the greater the strength of the scientific consensus on
climate change. If the consensus is weak, information would still aggregate, only more
slowly, but that would correspond to the case in which the basis for any policy stance is
likewise weakened. Finally, risk-aversion among traders would slow the rate of

information aggregation but would not prevent it.

Appendix
Proof of equation (1):
Let X and Y be two random variables with normal distributions. The conditional
expectation of X given Y=y is the following formula:
E[X|Y = y] = my + Zyy Zxy (Y —my) (18)
where m,=E[X], my=E[Y], and X is the covariance matrix.

Given the above formula and the normality assumptions we will have:
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E(Pr!g10 9205 -+ o) = Mp, + AgWo ' (g —my)’ (19)
pr has a normal distribution with mean p, and variance X,. In the above equation, g is the
vector of signals with zero means. The diagonal elements of W, ! are all A, (initial variance
of signals) and the off diagonal elements of W, * are all Q, (initial covariance between any
two signals. A, is the covariance vector between signals and the true price of a permit with
Co as its element, meaning that Aj= [cy, , ..., Co]- Therefore the entries of the matrix AgW;?
are all the same and equal to cy[Ay + (M — 1)Q,]. We show the term cy[Ay + (M — 1)Q]

by ¢. Thus,

Y 9i -
0y = py + 69 (20)

M

E(r1910, 9205 +» Im0) = Po + § X Gio = Po + Mg(

Where 8 = Mg, which is a set of weights implied by conditioning on the signals.
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