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Abstract. I propose a simple contest success function which is a variant of the Tullock prob-
ability function under certain conditions. It relaxes two features of the Tullock probability
function. I show that this contest success function could be used to obtain interesting results
and is more tractable than Tullock’s function in certain cases. In particular, researchers who
are interested in examining the degree to which luck as opposed to effort affects behavior in
different contest settings might find it easier to use this contest success function than the Tullock
success function. Unlike the Tullock function, there always exists a pure-strategy equilibrium
for all values of the parameter which captures the degree of noise. The proposed function has
been used in Kolmar and Wagener (2004) with interesting results.

1. Introduction

Contests are an important fact and pervasive aspect of economic life. A
contest is a game in which players compete over a prize by making irre-
versible outlays. Election campaigns, rent-seeking games, R&D races, com-
petition for monopolies, litigation, wars, and sports are all examples of
contests.

One of the key ingredients for modeling contests is the contest success
function (CSF). This function specifies how effort in the contest maps into the
probability of success. Let e; be the effort level of the i-th player in a contest
with N > 2 players, p;(e) be the i-th player’s probability of success where
e = (e, ez, ...,en_1,ey) is a vector of the outlays of all contestants. One
of the most widely used contest success function, if not the most-widely used
function, is the probability function in Tullock (1975, 1980). This function
gives the i-th player’s probability of success as pl.T(e) = , Where
r>0.!

This function has been axiomatized by Skaperdas (1996). Under this suc-
cess function, the contestant with the highest outlay does not necessarily win
the prize. Another widely used function guarantees that the contestant with
the highest outlay wins with certainty (i.e., all-pay auction).”? A feature of
both success functions is that a contestant who expends zero effort has a zero
probability of winning, if at least one other contestant expends some posi-
tive effort no matter how small this effort is. Thus in any Nash equilibrium,
at least one contestant expends positive effort. Hirshleifer (1989) studied a
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contest with two players in which the success function depends on the dif-
ference between the contestants’ efforts. He obtained results which were dra-
matically different from those of Tullock (1980). For instance, in any pure-
strategy equilibrium, one or both contestants expend zero effort. However,
Hirshleifer’s success function has not been used by researchers working in
the field of contests. The Tullock success function is very popular partly due to
its tractability. Besides, applications of Hirshleifer’s contest success function
have only focused on the case of two contestants (e.g., Baik, 1998; Che & Gale,
2000).

In this paper, I propose a simple contest success function which has the
Tullock success function as a special case, under certain conditions, but which
does not have some arguably undesirable features of Tullock’s success func-
tion. I show that this function is more tractable than the Tullock success func-
tion under certain conditions. In particular, researchers who are interested in
examining the degree to which luck as opposed to effort affects behavior in dif-
ferent contest settings might find it easier to use this contest success function
than the Tullock success function. In the next section, I present and discuss
the properties of the contest success function. Section 3 discusses some ap-
plications of the proposed contest success function, for example, Kolmar and
Wagener (2004). Section 4 concludes the paper.

2. A Proposed Contest Success Function
e;i+a

ei+) ;s ej+Na
a > 0. If o = 0, then this success function gives the Tullock success function
with r = 1.3

Before I proceed, let me indicate that after writing this paper, my attention
was drawn to the fact that this contest success function has been studied in
Dasgupta and Nti (1998). However, unlike the subsequent analysis in this
paper, the analysis in Dasgupta and Nti (1998) was restricted to identical
contestants and the parameter, v, was not defined as capturing the degree of
noise. Indeed, no economic interpretation is given to « in Dasgupta and Nti
(1998). In contrast, the main focus of this paper is the parameter, o and an
economic interpretation is provided for this parameter. While the analysis
in Dasgupta and Nti (1998) is interesting and useful, it will be obvious to
the reader that the focus of my paper is entirely different from their paper.
Finally, let me indicate that while I repeatedly use the phrases “I propose”
and “proposed contest success function” throughout the paper, my aim is not
to lay any claim to originality but instead to show that this contest success
function is very tractable and can be used to yield interesting results. In short,
my goal is to encourage the use of this contest success function originally
discovered by Dasgupta and Nti (1998).

The success function I propose is the following: p;(e) = , where
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2.1. Properties of the proposed contest success function

Given o > 0, the proposed contest success function has the following proper-
ties: first, it is increasing in ¢; and decreasingine;,Vi # j, and ZZN=  pi =1

Second, « is a measure of the degree of noise. The degree of noise cap-
tures the extent to which luck as opposed to effort determines success in the
contest.

That is, « captures how sensitive the probability of success is to a player’s
effort. To see this, note that p; < 1/N ife; < e = ZlN:l ei/Nand p; > 1/N
if e; < e. Also, dp;/dax > 0, if ¢; < e and dp;/da < 0, if e¢; > €. Notice
also that by L’Hopital’s rule, p; — 1/N, as « — oo. Hence, an increase in
o favors contestants with lower efforts (i.e., those whose effort is below the
mean effort). A smaller @ means that the sensitivity of the success function
to effort is higher. As @ — 00, success in the contest is entirely determined
by luck, since p; — 1/N.

Third, it is not homogenous of any degree. In particular, it is not homoge-
nous of degree zero as Tullock’s function. This property of Tullock’s function
may not be desirable in certain situations. Consider two contestants, 1 and 2.
Suppose e; > e,. This gives pj(e;, e2). Now suppose, both contestants in-
crease their effort levels by the same proportion, where player 1’s effort is now
Aej and player 2’s effortis Aep and A > 1. Then plT(el ,€) = plT(kel, Aez) un-
der the Tullock function. But although the players increased their efforts by the
same proportion, the absolute increase in player 1’s effort is greater than the ab-
solute increase in player 2’s effort since e; > ep; thatis, (A —1)e; > (A —1)es.
There are situations where it is conceivable that player 1°s success probability
should increase and player 2’s probability should fall under this condition. The
proposed contest success function satisfies this property. To see this, note that
pi(hey, Aey) — pi(er, er) = (Mlﬁglzfi‘el_fe)ﬁm) >0, given A > 1,a > 0,
and e; > e5.

Fourth, the i-th player’s probability of success is positive, even if he ex-
pends zero effort and some player expends positive effort. That is, 0 < p; <
1,Ve; and e;, where i # j. As noted by Grossman and Kim (1995), this
may be the case if offensive weapons (in a contest) are not very effective.
Hence this contest success function relaxes the feature of Tullock’s success
function where a contestant who expends zero effort has a zero probability
of winning, if at least one other contestant expends some positive effort no
matter how small this effort is. This feature of the Tullock contest success
function implies that there is no noise for a given combination of effort levels
(i.e.,e; > e; = 0,Vi # j) but displays some noise at other combinations of
effort levels, even if r is finite. The proposed contest success function displays
noise at all effort levels given o > 0. Indeed, Hirschleifer (1989) argues that
this property of the Tullock contest success function may be undesirable in
modeling contests in certain situations.
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Fifth, the contest success function satisfies the property of “independence
of irrelevant alternatives” in Skaperdas (1996). Clark and Riis (1998) state
this property as follows: the probability that player i wins if player k£ does not
participate (e, = 0) is equal to the probability that i wins when k participates
(ex > 0) given that k does not win. As in Clark and Riis (1998) this property
can be written as

pi(elaez,-~-sek—l705 ek+1"'7eN)
_ pile) e + o
1 — pi(e) Zi;ﬁk e +(N — Da

Vk=#iand N > 3.

Finally, unlike the Tullock probability function, this success function is
continuous ate; = e; = 0 Vi # j.

While I have discussed some properties of the proposed contest suc-
cess function, I have not been able to axiomatize it as in Skaperdas (1996).
However, the proposed contest success function satisfies axioms A1-AS in
Skaperdas (1996) and is therefore consistent with Theorem 1 therein.* There
may well be other contest success functions which satisfy the properties above.
However, I shall argue that the appeal of this contest success function lies in
its tractability for examining contests where we care about the effect of the
degree of noise on some variable(s) of interest. As noted by Skaperdas (1996,
p- 290) “.. .axiomatizations by themselves are unlikely to settle the issue of
appropriateness of CSF for any particular situation . . . [f]linding ways to dis-
criminate among functional forms empirically would be a complementary
and welcome endeavor.” Ultimately, I hope that the reader would judge the
proposed contest success function on these grounds. Indeed, this function has
been used by Kolmar and Wagener (2004) with interesting results. I shall
elaborate on this in Section 3.2.

3. An Application to the Tullock (1980) Rent-Seeking Game

At this point, it is helpful to apply this contest success function to Tullock’s
(1980) rent-seeking game with non-identical contestants. That is, with con-
testants who have different valuations of the prize. An important question is
the effect of the degree of noise on individual effort and aggregate efforts in
the contest.’ The parameter, r, captures the degree of noise in the Tullock
probability function. The higher is r, the more sensitive is the success prob-
ability to effort. If r = 0, then each contestant has a success probability of
1/N. This corresponds to the case of an infinite «.

Given N > 2 and r # 1, it appears that it is very difficult, if not im-
possible, to find a solution to Tullock’s rent-seeking game with non-identical
contestants. Hillman and Riley (1989) and Stein (2002) find the solution for
r = 1. Baik (1994) and Nti (1999) find the solution for N = 2 and r # 1.
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For N > 2, we do not know how individual and aggregate efforts change in
response to changes in the degree of noise in the contest. In Tullock (1980)
game with contestants with different valuations, Stein (2002, p. 326) writes
“...in order to permit explicit solutions the constant returns to scale proba-
bility function (i.e., # = 1) will be used” (parenthesis mine). Most researchers
in this field restrict their analysis to the case of r = 1. I shall show that the
problem of examining a contest by allowing different values of a parameter
which captures the degree of noise can be easily handled using the proposed
contest success function.

In what follows, I assume risk-neutrality and complete information. Con-
sider N contestants competing for a prize where the i-th contestant has valu-
ationV; >0,i=1,2,...,N.

The expected payoff of player i is

e + o

U; = Vi —e; 1

It is easy to show that U; is strictly concave in e;.
Assume that this is a simultaneous-move game. I first look for an interior
solution for all N players in a Nash equilibrium. This requires that

aU; 1 e t+uo .
= — Vi—-1=0 Vi, 2)
de; E+aN (E+aN)?

where E = ZZN=1 e.
Summing over all N contestants and simplifying gives the equilibrium
aggregate effort as
N -1
E*= —— —aN 3)°
Zi:l Vi

Putting (3) into (2) and solving for the equilibrium effort of player i gives

ef‘z\_/(l—%)—a (4)

2 2
vlvl _ * UZUI _
(v14v2)? o and €= (v141v2)? o

i=1V;

Assuming thavf e/ > 0Vi, it follows immediately that de;/da < 0 and
dE*/da < 0. Thus, an increase in the degree of noise reduces individual and
aggregate effort. This result accords with intuition.” Note also that e} > e;
and pf > piif V; > V; Vi # j.

Consider any mean-preserving spread in the valuations of the contestants.
Then it is easy to show that V is maximized when all the valuations of the

where V = N=_ For N = 2,wegete] =
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contestants are equalized. Hence this contest success function preserves the
well-known result in contests that asymmetries reduce aggregate efforts (e.g.,
see Nti (1999) and Stein (2002)).

Note that when o« = 1, the solutions in (3) and (4) are identical to
the solutions obtained in Hillman and Riley (1989) and Stein (2002) with
r=1.

In the case of N = 2, Nti (1999) using the Tullock probability function
obtained the following expressions for the equilibrium effort levels:

r+ly,r
T rvitv,

r+lysr
. T rV, "V,
el -_—

and et = —2 1 5)
(v +v) v+ wy

Comparing Equations (4) and (5), it is obvious that the noise parameter, r, of
the Tullock probability function appears in a much more complicated manner
in the expressions for the equilibrium effort levels compared to the noise
parameter, o, in our proposed contest success function. One can only imagine
what the solution, if possible, will look like with N > 2 and r # 1. Contrary
to my result, Nti (1998) finds that the individual efforts of two non-identical
contestants are not monotonically decreasing in the degree of noise, r. I do
not have an intuition for the difference in results.

I now look for an equilibrium in which the contestants expend zero effort.
In models of rent seeking, Skaperdas (1992), Grossman and Kim (1995), and
Neary (1997) find equilibria where the players expend zero effort. Skaperdas
(1992, p. 721) shows that ... an important condition for such an outcome
to be an equilibrium is that it is sufficiently difficult for an agent to increase
her probability of winning in conflict.” Grossman and Kim (1995, p. 1286)
found that “... a non-aggressive equilibrium requires that either offensive
weapons would not be too effective . . . or that predation would be sufficiently
destructive.” The proposed contest success function has the feature that for
sufficiently high values of «, the gains to rent-seeking are sufficiently small.
It is important to note that the equilibria in the papers above involve only two
players. The tractability of the proposed contest success function allows me
to obtain a no rent-seeking equilibrium for N > 2 players.

An equilibrium in which e; = 0 Vi is easy to construct. This requires that
aU;/de; < 0Vi. Putting e; = 0Vi into dU;/de; < 0 and simplifying gives
(N — 1)V;/N? < « Vi. Given the strict concavity of U;, (N — 1)V;/N? < «
guarantees that this is indeed an equilibrium. This condition holds if the degree
of noise, «, is sufficiently high.

Let V) > 0 be the valuation of the contestant with the M-th highest
valuation where M > 1. It is possible to construct an equilibrium in which all
contestants with valuations, V; > V), expend positive effort levels and those
with valuations below V), expend zero effort. Stein (2002) obtains a similar
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result but since he uses Tullock’s contest success function, he requires M > 2
(see proposition 1 in Stein (2002)).

Hirshleifer (1989) suggests that ratio-form contest success functions like
Tullock’s cannot produce equilibria where all players exert zero effort or where
some players exert zero effort and others exert positive effort. My analysis
shows that a ratio-form contest success function can produce such equilibria.

It is important to note that there always exists a unique pure-strategy equi-
librium for any value of the noise parameter, «. If we use the Tullock contest
success function, there will no pure-strategy equilibrium for sufficiently high
values of the noise parameter, r (see Baye et al., 1994).

3.1. The Tullock rent-seeking game with identical contestants

For the sake of exposition, let’s turn to the case where V; = V for all i.
Then, in a symmetric equilibrium, this gives ¢* = (N — 1)V/N? — a and
aggregate effortis E* = Ne* = (N — 1)V /N — N«. The equilibrium payoff
isU*=(1/N)V —e* =V/N? +a.

Notice that for e* > 0, we require a sufficiently low « or a sufficiently
high V. In Tullock (1980) and several variants of his model, an increase in the
number of contestants results in an increase in aggregate efforts. This is not
necessarily the case in this model, given that d E*/dN = V/N? — o. Hence,
an increase in the number of contestants will result in an increase in aggregate
efforts, if and only if the contestants’ valuation, V/, is sufficiently high. While
I believe that V is very high in the real world, there is nothing in theory which
precludes the possibility that an increase in the number of contestants could
result in a fall in aggregate efforts. Essentially, this is an elasticity question.
In Tullock’s model with identical contestants, an increase in N results in a
fall in e* but the proportionate increase in N is greater than the proportionate
fall in ¢* resulting in an increase in E*. A prior, there is no reason to think
that the response of e* to N is inelastic. It is interesting to note that by simply
relaxing the feature of the Tullock function where a contestant’s probability
of success is zero if he expends zero effort and some contestants expend
positive effort no matter how small this effort is, we obtain the possibility
that an increase in the number of contestants could lead to a fall in aggregate
efforts.

3.2.  Other applications

Based on an earlier version of the present paper, Kolmar and Wagener (2004)
use this contest success function in a model where a contest is used in the
private provision of a public good (e.g., scientific knowledge). The main
difference between their model and standard models of the private provision of
public goods is that it is not efficient for all agents to contribute to the provision
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of the public good. In a model with heterogeneous agents who have different
productivities in the provision of the public good, Kolmar and Wagener (2004)
find that it is efficient for only high-productivity agents to contribute towards
the public good (e.g., scientific knowledge) and for low-productivity agents
to be non-contributors. They refer to this as the assignment problem. They
find that a contributions game without a contest fails to solve the assignment
problem. When a contest is introduced, the assignment problem cannot be
solved under certain condition if the contest success function is the Tullock
(1980) function. However, when the contest success function proposed in
this paper is used, the assignment problem is solved in situations where the
Tullock function is unable to do so. Indeed, they find that increasing the noise
parameter, ¢, reduces the incentive for low-productivity types to enter the
contest. Note that this contest success function will have no advantage over
the Tullock function, if the agents are all identical since there is no assignment
problem in that case.

For a given finite «, an interesting observation is that all the players expend
zero effort if V; is sufficiently low (i.e., (N —1)V; /N 2 < @ Vi) and at least two
players exert positive effort if V; is sufficiently high (i.e., (N — 1)V;/N? > «
for, at least, two players). This could be used as simple but formal proof of
Demsetz’s (1967) hypothesis that private property rights over an asset will
emerge if the asset becomes more valuable. That is, there will be rent-seeking
efforts to move an asset from common property to private property if the asset
becomes sufficiently valuable.

The proposed contest success function has also been used by Amegashie
(2004) to examine burning out in elimination contests with non-identical con-
testants. In this contest, there are two stages. In stage 1, there is a preliminary
contest where 2 < F < N contestants are chosen to compete in a contest
in stage 2 from which a winner is chosen. The contestants have a finite cap
on effort. The issue is to find an equilibrium in which some or all contestants
expend their effort in stage 1 and have nothing to expend in stage 2 (i.e.,
they burn out). If one uses the Tullock success function in both stages, it is
impossible to obtain an equilibrium in which some contestants burn out. By
using the success function proposed in this paper, it is possible to construct
such an equilibrium.

4. Conclusion

In this paper, I have proposed a contest success function originally discov-
ered by Dasgupta and Nti (1998). This contest success function is useful and
tractable in modeling contests with non-identical contestants. The success
function has the Tullock (1980) contest success function as a special case un-
der certain conditions (i.e., when » = 1 and @ = 0). It relaxes some features
of Tullock’s function. It is not homogenous of any degree and in particular it is
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not homogenous of degree zero in the efforts of the contestants. This feature is
desirable if we are interested in contests where success is not entirely relative
but absolute differences in effort matter. Also, it turns out to be more tractable
than Hirshleifer’s (1989) difference-form function since it is easy to apply it
to contests with more than two players.

The proposed function relaxes a feature of the Tullock function and other
variants of it. Unlike, the Tullock function, a player’s probability of success
is positive if he expends a zero effort and some contestants expend positive
effort.

The proposed contest success function is not intended to be a substitute for
Tullock’s function or its other variants. However, it may be more appropriate
for modeling contests in certain situations. An advantage of this success func-
tion is that it is more tractable than Tullock’s success function for the case of
r # 1. Researchers who are interested in examining the degree to which luck
as opposed to effort affects behavior in different contest settings might find
it easier to use this contest success function than the Tullock success func-
tion or probably any other function that one can think of. Unlike the Tullock
function, there always exists a pure-strategy equilibrium in the case of iden-
tical contestants for all values of the parameter which captures the degree of
noise.

Notes

1. See, for example, Amegashie (1999), Gradstein and Konrad (1999), Nitzan (1994),
Szidarovsky and Okuguchi (1997) and Warynerd (2000).
. See, for example, Baye, Kovenock, and de Vries (1996) and Hillman and Riley (1989).
. Note that if we define x; = ¢; + «, then p;(e) = x;/(x; + Z#i x;).
. The reader should refer to Skaperdas (1996) for these axioms.
. The all-pay auction cannot be used to address this issue because there is no noise in the
contest success function.
6. The first term of this equation can be expressed as a function of the harmonic mean of the
valuations. For example, see Equation (4) in Stein (2002).
7. This is also the result obtained in the tournament model of Lazear and Rosen (1981) with
two players.

[ NS )

References

Amegashie, J. A. (1999). The design of rent-seeking competitions: Committees, preliminary,
and final contests. Public Choice, 99, 63-76.

Amegashie, J. A. (2004). Burning out in sequential-elimination contests. Unpublished
Manuscript; available at http://www.uoguelph.ca/~jamegash/Burning_out.pdf.

Baik, K. H. (1994). Effort levels in contests with two asymmetric players. Southern Economic
Journal, 61, 367-378.

Baik, K. H. (1997). Difference-form contest success functions and effort levels in contests.
European Journal of Political Economy, 14, 685-701.



144

Baye, M. R., Kovenock, D., & de Vries, C. G. (1994). The solution to the Tullock rent seeking
game when R > 2: Mixed-strategy equilibria and mean dissipation rates. Public Choice,
81, 363-380.

Baye, M. R., Kovenock, D., & de Vries, C. G. (1996). The all-pay auction with complete
information. Economic Theory, 8, 291-305.

Che, Y-K., & Gale, 1. (2000). Difference-form contests and the robustness of all-pay auctions.
Games and Economic Behavior, 30, 22—43.

Clark, D. J., & Riis, C. (1998). Contest success functions: An extension. Economic Theory,
11,201-204.

Dasgupta, A., & Nti, K. O. (1998). Designing an optimal contest. European Journal of Political
Economy, 14, 587-603.

Demsetz, H. (1967). Toward a theory of property rights. American Economic Review, (Papers
and proceedings), 57, 347-359.

Gradstein, M., & Konrad, K. (1999). Orchestrating rent-seeking contests. Economic Journal,
109, 536-545.

Grossman, H. I. & Kim, M. (1995). Swords or plowshares? A theory of the security of claims
to property. Journal of Political Economy, 103, 1275-1288.

Hillman, A. L., & Riley, J. (1989). Politically contestable rents and transfers. Economics and
Politics, 1, 17-39.

Hirshleifer, J. (1989). Conflict and rent-seeking success functions: Ratio and difference models
of relative success. Public Choice, 63, 101-112.

Kolmar, M., & Wagener, A. (2004). Contests and the private provision of pub-
lic goods, unpublished manuscript. Available at http://homepage.univie.ac.at/Andreas.
Wagener/papers/tenure.pdf.

Lazear, E., & Rosen, S. (1981). Rank-order tournaments as optimum labor contracts. Journal
of Political Economy, 89, 841-864.

Neary, H. M. (1997). Equilibrium structure in an economic model of conflict. Economic Inquiry,
35, 480-494.

Nitzan, S. (1994). Modelling rent-seeking contests. European Journal of Political Economy,
10, 41-60.

Nti, K. O. (1999). Rent-seeking with asymmetric valuations. Public Choice, 98, 415-430.

Skaperdas, S. (1992). Cooperation, conflict, and power in the absence of property rights.
American Economic Review, 82, 720-739.

Skarpedas, S. (1996). Contest success functions. Economic Theory, 7, 283-290.

Stein, W. E. (2002). Asymmetric rent-seeking with more than two contestants. Public Choice,
113, 325-336.

Szidarovsky, F., & Okuguchi, K. (1997). On the existence and uniqueness of pure Nash equi-
librium in rent-seeking games. Games and Economic Behavior, 18, 135-140.

Tullock, G. (1975). On the efficient organization of trials. Kyklos, 28, 745-762.

Tullock, G. (1980). Efficient rent seeking. In J. M. Buchanan (Ed.), Toward a theory of the
rent-seeking society (pp. 269-282), A&M University Press, College Station: Texas.

Warynerd, K. (2000). In defense of lawyers: Moral hazard as an aid to co-operation. Games
and Economic Behavior, 33, 145-158.



