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+ Quick review of Nash-Cournot games -
1. Nash games - review

2. Cournot games and oligopolies

3. Classic methods of solving for a game’s equilibrium
strategies

+ Variational Inequalities
1. Classic definitions and examples
2. Solving games with VI

* Dynamic games & VI
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« Let us recall a classic (linear) non-0 sum ga
Woman
/ v/
Man 1 (1,4) (0,0)
I (00 (41

This %ame has Nash equilibria in mixed strategies, that is to say (x*,y*) €
[0,1]“ so that

{el(x*,y*) > e,(x,y*),V x € [0,1]
e,(x*,y*) = e, (x*,y),Vy € [0,1]

where e, (x,y) = xT Ay;e,(x,y) = yTBx;
* Here they are:
((1,0), (1,0)) = (11, 117)
(" 1-xD,051-y)) =1 (O, (01) (i1, 1h)
((4/5 1, 1/512), (1/5 112, 4/5 112))
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* This game can be solved rela
reaction curves method; this is simply saying :

+ Solve for
x* that optimizes e;(x,y)for any y € [0,1]
y* that optimizes e,(x,y)for any x € |[0,1]

+ Graphically:
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* This game can be solved rela

reaction curves method; this is simply saying :

+ Solve for

x* that optimizes e;(x,y)for any y € [0,1]
y* that optimizes e,(x,y)for any x € |[0,1]

+ Graphically:
* The nodes are the
N-equil in this case
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* This game can be solved rela
reaction curves method; this is simply saying :

+ Solve for
x* that optimizes e;(x,y)for any y € [0,1]
y* that optimizes e,(x,y)for any x € |[0,1]

+ Graphically:
* The nodes are the -
N-equil in this case
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* In an N-player non-cooperative, static, finite
Nash game, the n-tuple of strategies

(x1,x5,...,Xy), Where player i plays the mixed
strategy x; , is an equilibrium (in the sense of
Nash)if for all other strategies (y4, v, ..., Yn):

k

k k *k k
ei (X1, X5, i, Xy e, Xn) = €; (X1, o) Vi e X)),
1<i<n
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* In an N-player non-cooperative, static, finite
Nash game, the n-tuple of strategies

(x1,x5,...,Xy), Where player i plays the mixed
strategy x; , is an equilibrium (in the sense of
Nash)if for all other strategies (y4, v, ..., Yn):

k

k k *k k
ei (X1, X5, i, Xy e, Xn) = €; (X1, o) Vi e X)),
1<i<n
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* In an N-player non-cooperative, static, finite Nash
game, the n-tuple of strategies

(x1,%x5,...,xy5), Where player i plays the mixed
strategy x; , is an equilibrium (in the sense of
Nash)if for all other strategies (y1, V2, ..., Yn):

*

k k k k
e; (X1, X5, i, X{ ) e, X)) = € (X1, i) Viy e X)),
1<i<n

« In general, the reaction curves method (or
optimization) is used to solve these games

* They are not necessarily linear anymore!
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* These are non-cooperative, static,
back to Cournotin 1838)

« Oligopolies = Also know as [ M, ]-market games

—> M stands for a number of traders (firms) who sell
a product

—> oo stands for consumers who have money to
exchange for the product; however they are so many they
can be considered o

* Thus we represent them via a single utility function

u(p1,P2s - Prr Qs+ +» Q)
where

p; = price the it" firm sets for its product
q; = amount of that product bought by consumers

University of Brescia, Italy 1 4/12-15/2011



Consumers aretold pric
to maximize their utility 2>price formulation
model

2. Producers decide quantities g and the
consumers’ utility function determines the
prices p =2 quantity formulation model

+ Let us assume first. Then consumers are reduced
to a set of price-demand equations:

qi = fi(P1, P2, -, Pm)
* The producers’ utility is profit:

ei(p1, -, Pm) = 1iqi — <i(qi)
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Consumers aretold pric
to maximize their utility 2>price formulation
model

2. Producers decide quantities g and the
consumers’ utility function determines the
prices p =2 quantity formulation model

+ Let us assume first. Then consumers are reduced
to a set of price-demand equations:

q; = fi(p1, 02, -, PM)

* The producers’ utility is profit: [ with |
)

ei(p1, -, Pm) = piqi — ¢i(qi

University of Brescia, Italy 13 4/12-15/2011



+ A Cournot equilibrium is a vecto
p¢ = (pi,v3, ..., Ppy) so that for all firms

i=1,...,M we have

Ci(PS, D s D) = MAX DS Py DD
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+ A Cournot equilibrium is a vector of prices
p¢ = (pi,v3, ..., Ppy) so that for all firms

i=1,...,M we have

Ci(PS, D D) = MAX DS Py DD
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+ A Cournot equilibrium is a vector of prices
p¢ = (pi,v3, ..., Ppy) so that for all firms

i=1,...,M we have . -

Ci(PS, D D) = MAX DS Py DD
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+ A Cournot equilibrium is a vector of prices
p¢ = (pi,v3, ..., Ppy) so that for all firms

i=1,...,M we have . -

Ci(PS, D D) = MAX DS Py DD

* In general prices are considered bounded
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* Leti=1,2 and the price-deman

1 1
q1 = max (1 +5P2 — 5P1 0)»C1(CI1)

3 2

1 1
q; = max (1 + ZP1 +§P2» O)rCZ(CIZ)

* Sinceqq = 0 and q, = 0 we can assume

2
OSP1S2+—p2,

3
1
* Then the profit functions are:
1 1
e1(p1,p2) = P1 +5P1P2 — 5 D1

3 2
1 1

e;(p1,p2) =p2 + 2 P1P2 ~ EP%
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+ Although not a Nash game, the reaction
curves method comes to the rescue:
we find

(pl' )

pi = maxeq(py,pz)from do.
P1

de,
Pz = mMax 92(P1»P2)f7"0m d (P1»P2)
P2

16
— pS =15/11

which give p; = T
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+ Recall a classic VI
findx € Ks.t.<F(x),y—x>=>=0,Vy €K,

where:

+ Kis a subset of X — known space, usually closed, convex
and non-empty

+ F: K = Xamapping with “nice” properties
* <., .>is aninner product type mapping

What does it mean to solve this problem?

University of Brescia, Italy 20
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(innerp

in terms of “angles™

b T i

2-dim VI model

F(x,y) — (_xZ’y)

unit disk

K=

4[12-15/2011
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(innerp

in terms of “angles™

2-dim VI model

unit disk

K=

('1:0)

(0,0),

Solutions:

4/12-15/2011
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+ Another classic example of a VI:
the characterization of optimal points in
differential optimization

x € K so that f(x) = r}peill{lf(y)

means find x so that
<Vflx),y—x>=20
K c RN, F:K - RN diff.
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* Another classic exampleofaVl:

the characterization of optimal points in
differential optimization

« x € K so that f(x) = min f(y)
yeEK

means find x so that

<Vflx),y—x>=20

K c RN,F:K - RN diff.
Of course this is in principle what relates VI
and games !
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+« Classic result (L-S ‘67, Ga

1. Provided the utility(payoff) functions e; are of
class C1 and concave with respect to the
variables x;, then x* € K is a Nash equilibrium

if and only if it satisfies the VI
<F(x* x—x">2=0,
where F = (=V, e (x), ..., =V, e, (x))
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generalize

noncooperative game with non-
sets; other names for this game form include
social equilibria and pseudo-Nash games (Harker
1991 - QVI)

+ Here players can influence each other’s utilities
and also each other’s strategy sets

*

University of Brescia, Italy 26 4[12-15/2011



generalize
noncooperative game with non-disjoint strategy
sets; other names for this game form include
social equilibria and pseudo-Nash games (Harker
1991 - QVI)
+ Here players can influence each other’s utilities
and also each other’s strategy sets

+ Assume n players
X; str.set of i;
X = Xi=1n X; — cart.product of strat sets
XM= X \X; .
Define K: X™ - X; and K'(x) c X;
ut: graph(K‘) — R are utilities
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is avector x* = (x{, ..., x* )s.t.
x; € K* (x*n\i),‘v’i
ul(x*) = u (yi'x*n\i)'vyi < Ki(x*n\i)

* This game can be solved via a QVI problem:

Find x* € K(x*)s.t.
<F(x*),x—x*>>0forall x € K(x*)

where F = (...,—V i U (x{‘,x*n\i), er)

» Original result has only one implication, not the
other
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+ (Basar & Olsder — 2002ed. ) These are
sets are time dependent:
i €1,...,kis the number of players and [0,T] is the pre-specified
time interval the game is played over;

Each player’s payoff functional is given by  U;(t, x(t))
+ x(t) are the state trajectories x(t) € K, and

* The trajectory x € Kiis the solution of the differential equation:

d’;it) = f(t,x(t)),and x(0) € K(0)
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otes:
the strategies, then we know all strategies o
the game;

+ Do we need to find them all however?

* No: if all we want is to compute the optimal
strategies,

* Yes: if we want to study stability of strategies,
their evolution (disequilibrium)

+ Normally: the DE is where hard mathematics is
needed
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* However, since most times we
DE in question, or we have it but it is very difficult
to solve, we want a different approach

+ This approach is given by EVI:

Find x* € K c LP([0,T], R¥)s. .
LK F(x*),y—x")>»=>0,Vy € K,where
<.,.>» is a duality mapping

Let us give an example of an oligopoly game that

can be solved via an EVI, together with a theorem.
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“ Here we present a [m,n] -marke
m=producers, n= demand markets

+ A commodity is produced and consumed in this market

and we have
p;(t) — vector of production output of i

i=1,..,mte€|0,T]
q;(t) — vector of demand atj,j=1,..,n

x;j — vector of shipments
The following market equil. conditions hold:

p;i(t) = zxij(t) and q;(t) = z x;j (t)

j [
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Also: ll](t) < xij
Then
K = {x € L*([0,T], R™")|1;;(t) < x;;(t)

< upp;; (t),a.a.t}
Assume prod. cost at i depends on all production

fi = fi(p(®)

Assume demand price depends on all consumption
d;j = d;(q(¢))
Also we assume
cij = ¢ij (x5 (1))
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Ui(t»x(t)) = Zdj(P(t))xij i
2.cij (x(t)x;;(t)
* Then a dynamic oligopolistic market equil is a

vector x* € K where
vi(t,x;*) = v;(t,x;, x;7%),Vi,and a.a.t

* Next we give an equivalent EVI reformulation
of this game.
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« Theorem (Barb-Coj ‘09):

+ Assume for each firm i, the profit v; is
pseudo-concave (defn. below) with resp. to
variables (x;; ,.., x;;,) and cont. diff for a.a. t.

If Vv is Caratheodory wit
3 h € L*([0,T], R™")st. |

a.a., then the market equili
of the EVI

2
Vu(t,x(t)|| < h(t)

brium is the solution

LK —=Vv(x*),x—x*>=>0,Vx €K
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* Reminder: a function v is pseudo-concave

w.r.t. x; if:
dv(t, x)
dx;
V(E, X1, ey Xy ooy X)) = V(E,, X1, ooy Viy ooy X))
+ Here is an example:

36

< x;i—y;i>=0 -

Consumer markets
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