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We study two coupled reaction-diffusion equations of the A-w type [11] in d<3 space
dimensions, on a convex bounded domain with a C?> boundary. The equations are close to a
supercritical Hopf bifurcation in the reaction kinetics and are model equations for oscillatory
reaction-diffusion equations. Global existence, uniqueness and continuous dependence on
initial data of strong and weak solutions are proved using the classical Faedo-Galerkin
method of Lions [15] and compactness arguments. We also present a complete case study for
the application of this method to systems of nonlinear reaction-diffusion equations.

1 Introduction

In this paper, we consider a reaction-diffusion system of the A-w type [11], with the
following general form: find {u(x,t),v(x,)} such that

% =Au+ A(r)u—w(r)v in Qr, (I.1a)
% =Av+ o) )u+ Ar)v in Qr, (1.1b)

where Q7 :=Q x (0, T), T > 0 and the ‘amplitude’ is given by
ro=\u? + 02, (I.1c)

with initial and boundary conditions

u(x,0) = up(x), v(x,0) = vo(x), (1.1d)
%=a—”=o on X :=0Q x(0,T), (1.1e)
ov  Ov

where v denotes the outward normal to 0Q. Throughout A denotes Z?=1 0%/0x? and
Q c RY (d < 3) is an open, bounded, convex domain, with a boundary of class C2. The
Lebesgue measure is denoted dx = dx; dx;...dx,;. The specific class of 2 and o functions
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we study are
Ar) == Ao — AqrP, w(r) == wy + w1’ (1.11)

where g, A1, p > 0 and wy, w; are non-zero numbers; all parameters are assumed real
and finite. We consider a more general class of nonlinear functions than was originally
proposed in Kopell & Howard [11], with an arbitrary power of the amplitude instead of
a quadratic power (cf. Sherratt [20, 21]). From an applications point of view (discussed
below), the most important case is p = 2. For the purposes of later calculation, we express
the - system in the following vector form:

u,=Au+ Bu+ |u’Au, in Qr, (1.2a)

u(x,0) = up(x), 2—: =0 on 2, (1.2b)

where B = [/LO _,wo} , A= [_M _6?1] , U= [u} . (1.2¢)
o A0 w1 —A1 v

Reaction-diffusion equations of the - type were first studied 30 years ago by Kopell &
Howard [11], who were motivated by an attempt to describe the formation of patterns in
the Belousov—Zhabotinskii reaction. The system is important and interesting for a number
of reasons. First, systems of the /- type display features common to many real biological
and chemical models, although they are independent of any specific physical problem.
Furthermore, the system is a model for general reaction-diffusion equations with a limit-
cycle in the reaction kinetics (‘oscillatory’ reaction diffusion equations). From normal
form theory and the Hopf Bifurcation Theorem [28], any system of two ODEs near a
supercritical Hopf bifurcation will have the general - form (1.1 a)—(1.1 b), with the 4 and
o functions defined as in (1.1f) with p =2. This is relevant to general reaction-diffusion
systems provided the diffusion coefficients are equal [11]. For a study of reaction-diffusion
equations close to a subcritical Hopf bifurcation, see Ermentrout et al. [7].

For a review of the 1-w system and early work, see Murray [16]. Recent interest in the
J—m system is due to a series of papers by Sherratt [20]-[24] and Kay & Sherratt [10],
who used a combination of analytical and numerical methods to investigate the dynamics
of solutions in one dimension with, for example, locally exponentially decaying initial
conditions.

In spite of the importance of this system, there are few existence results in the literature,
and these concern specific (ansatz) solutions. Kopell & Howard [11] proved that the i-w
system on the real line has a simple one-parameter family of 2rn-periodic (in space and
time) travelling-wave solutions, called ‘periodic plane waves’. In two space dimensions
the periodic plane waves correspond to spiral waves or concentric ring waves (‘target
patterns’) (see Murray [16, pp. 343-356], and references therein). Existence proofs for
these special types of solutions can be found in Cohen et al. [3], Greenberg [8] and
Kopell & Howard [12]. See also Romero et al. [19], where nonclassical symmetries of
a one-dimensional system of A-w type were studied, leading to several classes of exact
solution.

We comment on the similarity of the A-w system to the Complex Ginzburg-Landau
(CGL) equation (e.g. see Temam [27, p. 226], and references therein). The A-w system
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written in complex form with p =2 is
¢, = Ac+ (Jo + iwo)e + (=1 +iwy)lefe,

where ¢ :==u+iv and r := |c| = Ju? + v2. If we apply the rotation ¢ — cexp(iwgt) (ef-
fectively removing wy), followed by the re-scaling of dependent and independent variables
t — (1/20)t, xi = (1/28/*)x1, ¢ = (Z0/21)?¢, then we obtain the CGL equation

o =Ac+(1+io)e—(1+ip)cle, (1.3)

where o = 0 and ff = —®;/;. In general, for the CGL equation « is non-zero and the
Laplacian has a complex coefficient, so if we split this equation into real and imaginary
parts then the diffusion matrix is antisymmetric (in the A-w case, the off-diagonal terms
in this matrix are zero). Thus our /—w model with p = 2 is a special case of the CGL
equation. In the CGL equation, it is necessary that the « term is non-zero for the existence
of unstable spatially homogeneous oscillations, a feature not possible in the A-» system
[13, pp. 21, 140]. There is extensive literature on the regularity of the CGL equations (and
a generalised CGL equation), and two key papers relevant to bounded domains are those
by Doering et al. [6] and Levermore & Oliver [14]. For a study of subcritical, generalised
one-dimensional CGL equations that focuses on ‘coherent structure solutions’, see van
Saarloos & Hohenberg [27].

Of particular relevance here is a theorem of Temam [26, Theorem 5.1, p. 228] for a
CGL equation in a form covering (1.3) with & = 0, and therefore also applicable to the
A—w system with p = 2. From this theorem we have the following results, which are
consistent with the results obtained in this paper. Assume that d =1 or 2, p = 2 and ¢,
co are complex-valued functions. Given initial data ¢y € L?(Q), then there exists a unique
weak solution of (1.1 a)—(1.1f), where

ce C([0, T]; L*(Q)NL*0, T;HY(Q) VT <o,

and the solution depends continuously upon the initial data in L*(Q). Given initial data
co € H'(Q), then a unique strong solution exists where

ce C([0,T;HY(Q)NL*0, T;H*(Q) VT <.

In this paper. we use the Faedo—Galerkin method of Lions [15] and compactness
arguments to rigorously establish the well-posedness of (1.1a)—(1.1f) in the weak and
strong solution contexts, for d < 3 space dimensions. We present a complete case study for
the application of the Faedo—Galerkin method to systems of reaction-diffusion equations,
and collect together a number of results that are often used implicitly in the literature.
Our work also lays the foundation for a numerical analysis of the system (Part IT of this
work).

The Faedo-Galerkin procedure is not the only method for proving existence and
uniqueness results for the /—w system; for example, the Invariant Region method of
Smoller [25] and Chueh et al. [2] is also applicable. A ‘invariant region’ region ID is
defined to be a closed subset of the phase space R” with the property that if ug(x) € ID
for all x € Q, then u(x,t) € ID for all x € Q and all ¢t > 0 for which the solution exists.
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To find an invariant region for the A-w system, first transform the ODE corresponding
to the 4~ system to polar form in phase space, via r := /u? +v2 and 0 = tan"'(v/u),
which yields r, = (19 — 41r*)r and 6, = w(r). We now argue as Smoller [26, Example 3,
p. 210] and Chueh et al. [2, Example D]. Let B be any convex region containing the disk
u?+v? = r2, where ro := (lo/21)"/?, then it is easy to see that the vector field corresponding
to the reaction terms of the A—w system points into B, and thus by Corollary 14.8(b) in
Smoller [25], we deduce that B is an invariant region for the A-w system. In particular,
the region
Bs = {(u,v) [u* + 0> < (do/2)"* + 3}, §>0,

is invariant. We claim that the ball B is invariant for the /- system, however we cannot
apply Corollary 14.8(b) in Smoller [25] directly, since the vector field vanishes identically
on 0By. However, if (ug(x),v9(x)) € By for all x, then (ugp(x),v9(x)) € Bs for all x and
every 0 > 0. Thus, the solution (u(x,t),v(x,t)) € Bs for all x and every 6 > 0, which
implies (u(x,t),v(x,t)) € By for all x and all ¢t > 0 for which the solution exists. Thus,
provided we have L*(Q) initial data and local existence of our solutions, then the solution
asymptotically lies in By. That is, we have global existence in time of solutions to the full
reaction diffusion system. In this paper, we are mainly interested in investigating solutions
of the A~ system evolving from less regular initial data (e.g. data in L*(Q), or H'(Q)).
There is also the question of uniqueness to consider.

The paper is organised as follows. In §2 the basic notation is laid out. §3 deals with
existence, uniqueness and regularity of weak solutions. Finally, in §4 we consider existence,
regularity and continuous dependence of strong solutions on the initial data. The overall
approach we use via a ‘composite’ Galerkin approximation is a generalisation of that in
Robinson [18] applied to a model reaction-diffusion equation with a polynomial nonlinearity.

2 Notation and preliminaries

In this study the dual space of a Banach space X is written X'. We use the usual Sobolev
spaces W™P(Q), m € N, p € [1, 0], with associated norms and semi-norms given by

1/p 1/p

lulp == D 1Dl | o fubwp = | D IDMl, |

0<|o|<m loe|l=m

respectively, where D* is the standard multi-index notation for the mixed (generalised)
partial derivative of order || (« € NU{0}). Another standard Banach space we use is
L*(Q), with associated essential supremum norm

lulloge = ullL=(@) =1nf{M :|u(x)] < M ae. on Q}.

W™(Q) is denoted H™(Q) with norm | - ||, and semi-norm | - |,,, and additionally
WO2(Q) = L*(Q). The usual L*(Q) inner product over  with norm | - | is denoted by
(-,+), and (-,-) represents the duality pairing between (H'(Q)) and H'(Q). We denote the
Euclidean norm by | - |. To simplify notation, we define H := L*(Q) and V := H'(Q) so
V' = [H'(Q)] and the inner product on V is denoted (-, )y. We extend the Banach/Sobolev
spaces to vector functions via X := {X}2, by requiring each component belong to the
Banach/Sobolev space X.
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We define function spaces depending on space and time [26, p. 45]. Let X be a Banach
space and p € [l,00]. Denote LP(0,T;X) to be the Banach space of all measurable
functions u : (0, T) +— X such that t+— |u(t)||x is in LP(0, T), with norm

T 1/p
Il = / o)1, de for 1<p<am, (2.1)
0

lull=©,7;x) :=esssup |lu(t)|x  if p=oo. (2.2)
1€(0,T)

In addition, we write LP(2r) = LP(0, T; L?(2)). In § 3 we shall also need to use C5°(0, T'; X),
the space of infinitely differentiable functions u : (0, T') — X with compact supportin (0, T')
and density in L?(0, T'; X).

We assume the standard Hilbert space setup [27, p. 55]

VSH=H <V, (2.3)
where each space is dense in the previous one, ‘%’ denotes compact injection, ‘—’ denotes

continuous injection, and = indicates the explicit identification of elements in H and H'.
For later calculations we need the following Sobolev interpolation result [1]: let s €

[1,00], m = 1 and assume v € W™5(Q). Then there are constants C and p = % (% — })
such that the inequality
[s, 0] ifm—%>0,
loflor < CHvHé;”HvH%)S holds for r € < [s,0) if m— % =0, (2.4)
d : d
[S,—m] 1fm—§<0

To obtain the existence of weak solutions we make the following assumption on p:

(A1) p is any finite, positive number if d = 1,2 and
p<4ifd=23.

To prove uniqueness of solutions and strong solution results we assume:

4 ifd=1,
(A2) p<2 ifd=2,
4/3 ifd=3.

Note by the Sobolev Embedding Theorem that assumption (A 1) is sufficient for V' to
have continuous injection into L’*2(Q), while assumption (A 2) is sufficient for V' to have
continuous injection into L**2(Q).
Frequent use will be made of the following Gronwall lemma in differential form: let
E(s) € W1(0,t) and Q(s), P(s), R(s) € L'(0,t), where all functions are non-negative. Then,
dE

I + P(s) < R(s)E(s) + Q(s) a.e.in [0,1] (2.5)
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implies
t t

E(t)+ / P(z)dt < eWE(0) 4 1V / 0(1) dr, (2.6)

0 0

where A(t) == [; R(z)dx.
Throughout this paper, C will represent a generic bounded positive constant, possibly
depending on T, 2, uy, and vy, which may change from expression to expression.

3 Weak solutions

We introduce a weak formulation of the system (1.1a)—(1.1f):
(Py) Find u(-,t),v(-,t) € V such that u(-,0) = ug(), v(-,0) = vo(-) and for almost every
te(0,T)

(2, 1)+ (Vu, Vi) = (Ar)un) — (0@F)v,n)  VneV, (3.1a)
(L, 1) + (Vo, V) = (@(r)u,n) + (Ar)v.n)  YneV. (3.1b)

s =

Note from the above notation (see §2) that du(-,t)/0t, 0v(-,t)/0t lie in V' for a.e. t € (0, T).
The equivalent weak formulation corresponding to the system (1.2a)—(1.2¢) written in
vector form is:

(P,) Find u(-,t) € V such that u(-,0) = uy(-) and for almost every t € (0, T)

() + (Vu, V) = (Bu,n) + (|ul’ Au, n) VpeVv. (3.2)

A finite-dimensional version of (P;) will be used to prove existence of weak solutions,
while a finite-dimensional version of (P;) will be used to prove uniqueness and obtain
strong solution results. It will be useful to note that for any vector x € R?> we have

(Bx) - x = Ao|x|%, (Ax) - x = =4 |x|%. (3.3)

Theorem 3.1 Assume Q < RY (d < 3) is an open, bounded, convex domain. Let (A 1) hold
and assume that ugy, vo € H, then the /—w system (1.1 a)—~(1.1f’) possesses at least one weak
solution {u,v} satisfying

u,v € L*0, T; V)N LFT2(Qr) N C([0, T]; H),

and the equations (1.1a) and (1.1b) hold as equalities in L%(O, T ;V’). Furthermore, with
assumption (A 2) the weak solution is unique and the map

(uo(+),vo(-)) = (u(-, t;ug,vo),v(-, t; U, vo)),
is continuous in H.

Proof We separate the proof into four parts showing: local existence of the Galerkin
approximations; global existence of the Galerkin approximations; passage to the limit;
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and uniqueness. For notational convenience in the proof we define the conjugate exponents
_pt2

unless stated to the contrary.

Local existence of the approximations

With L := —A + I, domain(L) :={n € H*(Q)|0n/0v = 0 on 0Q}, L™! is a symmetric,
bounded, compact operator from H to H and thus the Hilbert—-Schmidt Theorem applies
(e.g., [17], p. 267). Consequently, from the spectral theory of such operators we introduce
{zi}, to be an orthogonal basis for ¥ and an orthonormal basis for H, consisting of
eigenfunctions for

. 0z;
Az +z = iz in @, a—z —0 ondQ, (3.5)
\
where
=y << << with limy; = o0
1—00

is an infinite set of corresponding eigenvalues. Note (z;, z;)y = w;0;; and (z;,z;) = J;;. Now
set VK := span{z;}* | = V and seek a finite-dimensional weak form corresponding to (P;):

Find u¥(-,1),0%(-,t) € V* such that u*(-,0) = uk(:), v*(-,0) = vf(-) and for almost every
te(0,T)

k

<aait Xk) + (Vu",ka) - (;L(rk)uk’xk) _ (w(rk)vk,xk) Yk e vk (3.64)
K

(% Xk) + (VO V2) = (o) ) + (M) 1) vk e v, (3.6b)

where ¥ := \/(uF)? + (vF)2

To derive later estimates note that the finite-dimensional weak form corresponding to (P5)
is:
Find #*(-,t) € V* such that #*(-,0) = uf(-) and for almost every t € (0, T)

(uf, ") + (V" Vi) = (Bdb, ) + (W17 Ak, o) vy e VR (3.7)
Now let
k k
W0 =Y anz0),  Fe0 = br(0)zi) (3.8)
i=1 i=1
and set y* = zj for j =1,...,k, where the ay and by are to be determined.

Let P¥: H — V¥ be the orthogonal projection from H onto V* that satisfies (P*y, ¥) =
(1, 75) for all y* € Vk. For the work that follows we need the fact that the gradient
operator satisfies the following symmetry condition:

Lemma 3.1 For any v € V we have
(V(P*0),VZ4) = (Vo.V"), ¥z e Vh
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Proof Let y* := Zi;l cizi € V. From the weak form of the eigenvalue problem we have
(Vzi, Vo) = (i — D)(zi,v), VeV (3.9)

and as v is also in H we have

k k
PYo =Y "(1.z))z; so V(P*v) = (1,z))Vz;. (3.10)
Jj=1 j=1
Thus from (3.9) and (3.10)

k
(V(P*0),Vz;) = (1.2))(Vz:,Vz))

j=1
k
= W,z — D)3y
j=1
= (0,z)(wi — 1)
= (VZ,', VU)

Multiplying both sides by ¢; and summing over i = 1,...,k gives the desired result. O

As a direct consequence of the above lemma, we have the following useful projection
property:

IV(P¥v)llo < [Vollo, Vo€ V. (3.11)
For the initial approximations we take
Wk (-,0) := Prug(),  v5(,0) := Pruo(-), (3.12)
which satisfy
(ul, 0k} — {ug,v0}) in L*(Q) as k — oo (3.13)

The weak form (3.6 a)—(3.6 b) can be written as an equivalent initial value problem (IVP)
for a system of 2k ordinary differential equations in ay, by. We write this IVP in the
following (equivalent) ‘composite’ form:

ddl: = Ak + PRFR, 08, uk(-,0) = PRug(), (3.14a)
dd—’f = Ao + Prg(uF, %), v*(-,0) = PFuo(), (3.14b)

where
fuo) = Ar)u—o)v,  guv) = o@)u+ir)o. (3.15)
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To show that f and g are locally Lipschitz functions with respect to u and v, consider the
vector form of the A~ system in (1.2 a). Noting that Bu is linear, a calculation shows

[All2 lay|Puy — |ua|’ us |

l[w1]” Auy — |ua|” Auy| <
< |4l L(uy, wo) |y — us|, (3.16)

|
|
where |4l = y/23 + w? is the spectral norm of A and

L(uy,up) = (p + 1) max{|u|”, [us]|}.

From standard existence theory (Picard’s Theorem) for systems of ordinary differential
equations (since f and g are locally Lipschitz), the system has a unique solution {u*,v*}
on some finite time interval (0, tx), tx > 0.

Global existence of the approximations

To prove global existence of the Galerkin approximations we derive an a priori estimate
bounding «* and v* (independently of k) in various Banach spaces. From the uniform
bounds we conclude t; = T (independent of k), implying global existence of the Galerkin
approximations.

Estimate I: Choosing y* = #* in (3.7) leads to

/| uk? dx —|—/|Vu"| dx+/11/|uk\”+2dx—)0/ ¥ |? dx, (3.17)

and the application of the Gronwall lemma yields for a.e. t € (0, T)

t

|l ()15 + 2 / (I ()3 + 21 [ (5) 5 33,) ds < [ (0)[1F exp(24ot). (3.18)
0

Recalling uf, vl € H we have
uk, v* are uniformly bounded in L*(0, T; H) N L**2(Q7), (3.19)
and noting the injection L® < L? and the semi-norm bound for V we have

uk, v* are uniformly bounded in L2(0, T; V). (3.20)

Passage to the limit

Using classical compactness arguments (e.g. Dautray & Lions [4, Theorems 4, 5]), from
the uniformly bounded sequences of functions {¥*}, and {v*}7, we extract convergent
subsequences, still denoted {u*}, {v¥}, such that

WM = Luo) in LP(Qr)NL*0,T;V) as k — o, (3.21)
J
(W, 08 —* {uv) in L*0,T;H) as k— o, (3.22)
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*9

where ‘—’ and ‘—*" represent weak and weak-star convergence, respectively. We show
passage to the limit of the terms in the first composite Galerkin approximation (3.14 a).
The arguments will apply in a similar way to (3.14 b). Consider first the term P*f(u*, v%).
It is easy to show

I, 05)] < C(u| + o8] + [k 1PF 4 1oF P, (3.23)

and therefore f(u*,v*) is uniformly bounded in L9(Q7), and so from weak compactness
arguments there exists some y € L4(Q27) such that

f@W,v%) =y in LY(Q7) as k — 0. (3.24)

We show that P¥f also tends weakly to y in LY(Qr). Define Q := I — P¥, the projection
orthogonal to P¥. Now recall from the proof of Lemma 3.1 that (P*v, ¥*)y = (v, ¥*)y for
all ¥ € V¥, v € V, which implies |P*v —v||; < || —v|; for all ¥* € V¥, v € V. Thus as
VK is dense in ¥ we have P*u — wuin V for Yu € V, ie. Qfu—0in V as k — co. From
assumption (A 1) we have V < L?(Q) and so Qu— 0 in L?(Q), Vu € L’(Q). Consider an
arbitrary ¢ € LP(Qr), then using Holder’s inequality and the orthogonality of Q*

T T T
/ (P*F( %) — 7.0 di| < / (F o) — 1) de| + / (. 04). 0 dt
0 0 0

T

T
< / (F, ") — 7. 6) di| + / 16 g 10F dlop dE— 0 as k — oo,
0 0

on noting the strong convergence of Q¥¢ to 0 in LP(Q) and (3.24). Thus, we have
PYf(uf 0%y — y in LY(Q7) as k — 0. (3.25)

Noting Auf € L*0, T;V’) and P¥f(uk,v*) € L9(Qr) it follows from (3.14a) that du*/dt
is uniformly bounded in L*(0, T;V’) + L4(Q7) and from weak compactness arguments
duf/dt tends weakly to some # in this space. We now adapt an argument in Robinson [18,
p. 203], to give i = du/dt, i.c.

d—uk . du in L>(0,T; V') + LYQr) ask — oo. (3.26)
dt dt
First, recall from (3.21) that u* — u in the space L*(0, T;V)N LP(Qr), with dual space
L0, T; V') +L9(Qr) (see Robinson [18, p. 224] or Temam [26, p. 93]). Furthermore, from
the Sobolev Embedding Theorem and the fact that V' is dense in H, we have the dense
inclusion V — LP(Q), thus LI(Q) — V', and so L>(0, T; V') +Li(Q7) < L0, T;V’). Now
consider an arbitrary ¢(t) € C°(0, T; V) = LP(0, T; V). Integrating by parts and using the
weak convergence of uf to u in L*(0, T; V') + L4(Q7) and hence Li(0, T; V') yields

r d

u
/(Ea()b) dta
0

T

T T
duf de d¢
[ (o) [ () o= [ ()
0 0 0
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after noting d/dt € CE(0, T'; V). From the weak convergence of du¥/dt to i in L4(0, T; V'),

we also have
T

T
dk
/(%@) dt—>/(i’7,q’>)dt as k — oo,
0 0

and so by the uniqueness of weak limits we have 77 = du/dt as required.
Now as u¥ — u in L*(0, T; V) we have (cf. Robinson [18, p. 204])

AuF — Au in LX0,T;V') < L0, T: V') as k — oo. (3.27)

Thus, we have the required passage to the limit of all terms in L%(0, T;V’). To show
1 = f(u,v) in (3.24) we apply some classical theorems. From an application of the
Lions—Aubin Theorem [15] with

dn

W .= {nln € LX0,T;V), T € L‘f(O,T;V’)},

we have W <> L?*(Qr) and as u¥ € W we can extract a subsequence, still denoted u*, such
that u¥ — u in L*(Qr) (similarly for v*), thus u¥ — u (‘pointwise’) a.e. in Q7 (similarly
for v). As f is locally Lipschitz in Qr this implies by continuity that f(u*,v*) — f(u,v)
(‘pointwise’) a.e. in Q7. The application of Lemma 1.3 of Lions [15] now gives

fW, %) — f(u,v) in LY(Q7), (3.28)

and due to the uniqueness of weak limits we deduce y = f(u,v), as required.

To obtain that u € C([0, T]; H) we apply a modified version of another classical result
(cf. Robinson [18, Exercise 8.2]), with u € L*(0, T; V)N LP(Qr) and du/dt € L>(0, T; V') +
Li1(Qr). The argument giving u(-,0) = ug(-) is also well known (see Robinson [18, p. 225]
or Renardy & Rogers [17, p. 381]). This completes the existence part of the proof.

Uniqueness

To prove uniqueness of weak solutions we need the following lemma.

Lemma 3.2 Assume p and ¢ are non-negative real numbers, p satisfies assumption (A 1) and
Ci is an arbitrary positive constant. Let n € LPT>(Q) and v € V be functions defined on a
bounded domain Q < R (d < 3), then there are constants Cs(g) and p = d(% — ﬁ), such
that

2

Cr [ Pl dx < (% + cz(s)|n|a,;+2) I3+l where0< <1 (329)
Q

Proof Observe using Holder’s inequality, followed by inequality (2.4) with s =2, m =1
and r = p + 2 that

Ci /Q Il - 1l dx < Culnll, |l 4a < ab, (330)
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where a = CHan’pHHwHé(lf”), b= Hwa". An application of Young’s inequality in the
form

ab<em— 4 -, — 4 =1, (3.31)
with m ;= (1 —p)~", n == u~ ! (u % 0,1) gives inequality (3.29). O

To prove uniqueness we assume there are two solutions # = (ug,u»)”, and v := (v, v2)"
of the weak form (P;), with initial conditions u(-,0) = uy(-) and v(-,0) = vy(-) respectively.
Setting # = w := u — v, subtracting weak forms and using (3.3) leads to

1i/ |w|2dx+/ |Vw|2dx=)ho/ |w\2dx+/ (\u|pAu—|v\"Av) - wdx. (3.32)
2dt Jo Q Q Q

Using (3.16), followed by Lemma 3.2 with ¢ = 2, n € {u,v}, p = w, we bound the last
term in (3.32) via

/Q (|u\"Au— \v|”Av) wdx < (p+ 1)/ 23 + a)f/g (|u|” + |v\") lw|? dx,

S C 1+ (lullgpa + 1016,52)] w5+ phwlf,  (3.33)

where v := p/(1 — p). Noting u < 1, from (3.32) and (3.33) we have after kickback of
ulwli
1d

3716 < C 1 (lallgpez + 1016,12)] 1w,

and multiplying through by 2 and applying a Gronwall lemma yields for a.e. t € (0, T)
t
Iw(®)15 < Iw(0)Il5 - exp 2Ct+2C/ ([la() 5552 + I0(5)5,p42) ds |- (3.34)
0

To use the regularity of solutions in L’*2(Qr) we apply Holder’s inequality in time to the
right-hand side of (3.34), requiring v < p + 2, which holds due to assumption (A 2). Thus
we have |u — |3 < Cllu(0) — v(0)[|3. If up = vy we deduce uniqueness and if uy =+ vy we
have continuous dependence in H. O

Remark The difficulty in the uniqueness proof is due to the nonlinear term |u|’Au. An
alternative approach would be to initially split this term into w|u|’(—v,u)”
The latter term involves the function |u|’u which is a monotonic function for p > 0 ([5],
Lemma 4.4) and is encountered in a variety of physical contexts [15, 26]. Thus in proving
uniqueness we are left with the former term to control, leading to effectively the same
expression as the right-hand side of (3.33).

— A1|ulfu.

4 Strong solutions

Theorem 4.1 Assume Q — RY (d < 3) is an open, bounded, convex domain with a boundary
0Q of class C?. Let (A2) hold and assume that ug, vy € V, then the J—w system (1.1a)—



Reaction-diffusion system of the J—w type 13

(1.1f) possesses a unique, strong solution {u,v} satisfying
wv € L0, T:HXQ) N C([0, T]: V)
and the equations (1.1a) and (1.1b) hold as equalities in L*(Qr). Furthermore, the map

(uo(), vo(-)) > (u(:, t; 1o, v0), v(:, 3 o, Vo)),

is continuous in V.

Proof To obtain existence and uniqueness of strong solutions we require additional
regularity, which we obtain from further a priori estimates.

Existence

To prove strong solution results we need the following lemma (cf. Lemma 3.2):

Lemma 4.1 Assume p and ¢ are non-negative real numbers, p satisfies assumption (A 1) and
Ci is an arbitrary positive constant. Let n € LPY*(Q) and vy € H*(Q) be functions defined
on a bounded domain Q = R® (d < 3), then there are constants Cs(g) and p = d(% — ﬁ),
such that

L

1—p 2
C /Q P IV dx < <{: + C2(3)|’7|o,p'+2) pI3 + {I(bl%, where 0 < p < 1. 4.1)

Proof In Lemma 3.2 take y = 0¢/0x; and summing both sides over i = 1,...,d leads to
the desired result. O

Estimate II: Note from (3.5) and (3.8) that —Au* = Z'jzl(yj —Dajzj, —Avk = Z’;Zl(uj —

1)bjxz;, thus for fixed k we have —Auk € V*. Choosing y* = —Au* in (3.7) and integrating
by parts leads to

li/ |Vuk\2dx+/ \Au"|2dx=—/(Bu")~Auk dx—/(|u"|"Au")~Aukdx. (4.2)
2dt Q Q Q Q

We deal with the last two terms in this inequality separately. Integrating by parts and
recalling (3.3) yields

—/(Bu")~Auk dx = /(BVuk)-Vuk dx = zo/ \Va* |2 dx. (4.3)
Q Q Q

To control the remaining term first note the identity

V ()P Au) = [u"1P (AVH") + Ad" (plu|P 2V - o) . (4.4)
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Then integrating by parts, use of (4.4) and (3.3) again yields
—/(\uk\"Auk) - AdFdx
Q
= / " 1P (AVE" - Vi) dx + p/ " P2 (Vi - db)(Au" - Vb dx
Q Q
< [PV P = dap | WOV o plon] [ Vet (@5)
Q Q Q
We apply Lemma 4.1 to the last term in (4.5) to give:
iy 2
plo| /Q VAP doe < € (1 ) 10} + 1l (4.6)

where v = p/(1 — u). We apply some well-known elliptic regularity results for bounded,
convex, open domains with a boundary of class C2. From the eigenvalue equation (3.5)
and Grisvard [9, Theorem 3.2.1.3], we have for fixed (finite) k that z; € H*(Q) (i =
1,...,k), and hence u*(-,t),0*(-,t) € H*(Q) for a.e. t € (0, T). Thus, by Grisvard [9, Theo-
rem 3.1.3.3], we have |[u¥]> < C|Au¥|o for some positive constant C and a.e. ¢ € (0, T).
Choosing ¢ = 4/16 leads to

: 1
plo| / WPV dxe < C (14 [0 5,42) 1 + 5 1 Aa 5. (47)
Q

From (4.2), (4.3), (4.5), (4.7), a kickback of %HAukH(Z), multiplying through by 2, and the
Gronwall lemma we have for a.e. t € (0, T)

t

k(0))? A ()12 + 221 [ |d*(s)|P|ViF(s)]> d
. (z)1+0/<| 63+ 221 [ SV
+ 24p / " ()P 72 (" (s) - V¥ (s))? dx) ds
Q
<|uf|3 exp | 2Ct 4 2C / ()15 52 ds |- (4.8)
0

We apply Holder’s inequality in time on the right-hand side of (4.8) to use the fact that
solutions lie in L*?(Q7). As in the uniqueness proof this requires v < p + 2, which holds
due to assumption (A 2). The boundedness of the term |uf|? = |P*uo|? follows from the
projection property (3.11) and the assumption that the initial data is in V. Then noting
bound (3.19) we deduce

uF, v are uniformly bounded in L*(0, T; V). (4.9)

Furthermore, as u(-,t), Au(-,t) € L*(Q) for ae. t € (0,T), elliptic regularity theory (see
Grisvard [9, Theorem 3.2.1.3, and Remark 3.2.1.4]) gives u(-,t) € H*(Q) for ae. t € (0, T),
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thus
uk, v*  are uniformly bounded in L%(0, T; H3(Q)). (4.10)

Remark From (4.5) if p < A1/|wi], then we can apply the Gronwall lemma to deduce the
above uniform bounds without assumption (A 2) (but for the existence of solutions we
still need assumption (A 1)). We make a further estimate on du/dt.

Estimate III: Set y* = ¥ in (3.7), then direct calculation yields

/\uk| dx+—d—/|Vu| dx

= /(Buk)-ufdx+/(|uk|ﬂAuk)-ufdx

_fod k12 g /Ll kpa\”|2d K10y (i ok — o) d 411
T | I°d \uI o + (w0+w1|u\)(uv,—vu[) x.  (4.11)

We apply a simple Young’s inequality to the last term in (4.11) to give

k
/(wo+a)1|u 1”) (u UI o ul dx—/(w0+w1|" ) u* - ( _U;k )dx

t
< [ ol + fo a1 [
Q
20k 2 20k 1202 1 2
< g |uhllg + ot e [5)5 + 5 |uf]ly- (4.12)

Then after noting

0 2
kip ¥ 1,,k12 -~ k p+2
Y = s
on combining (4.11) and (4.12), a kickback of 2””: HO, and multiplying through by 2, we
have

laef 15+ I\Vukl\o

o I < 0 G I 20 20 I @13)

Integrating both sides of (4.13) over (0,¢) yields for a.e. t € (0, T)

k +2 ) k2
la*(0)16,,42 + Zollug g

Al
/Hu (s)||O ds + [u(1))? + (p+2)

t t
< Aol (O] + 202 / ()3 ds + 207 / 0 (5) 1252, ds
0

p+2

+2) || 0H0p+2' (4.14)

+| 0‘1

From the uniform bounds in Estimates I and II, assumption (A2), the continuous
injections V < LP*2(Q), L*(0, T; V) < L**2(Qr) and the projection property (3.11), we
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deduce that the right-hand side of (4.14) is bounded by a positive constant. Thus we have

ouk vk

a0 or are uniformly bounded in L*(Q7). (4.15)

By extracting the appropriate subsequences from (4.9), (4.10), and (4.15) we deduce

u, v e L0, T;V), u, velL*0,T;H*Q)), 2—1‘ % e LX(Qr). (4.16)

Application of Corollary 7.3 in Robinson [18] gives
u, v e C(0, T]; V).

To show the differential equation holds as an equality in L?(Q7) we can repeat the passage
to the limit argument with p = ¢ = 2, without any additional complications.

Remark We could have obtained the above results more directly by extracting the kickback
term §|uf|3 from (Buf + [u¥]” Au¥,uf) with the aid of a simple Young’s inequality, but
the slightly longer approach shows there is nothing to be gained in keeping additional
positive terms.

To complete the proof we still need to show continuous dependence of the strong
solutions on the initial data in V.

4.1 Continuous dependence

Assume u and v satisfy the weak form (P,), with initial conditions u(-,0) = uy(-) and
v(-,0) = vy(*), respectively, and uy + vy. Setting y = —Aw + w, w := u — v and subtracting
weak forms leads to after integrating by parts and noting (3.3)

1d

——/(|w\2+\Vw|2)dx+/ \Aw|2dx+/ |Vw|? dx
2.dt Q Q Q

= LO/(|w\2—|—|Vw|2)dx+/(|u|pAu—|v|pAv)~(—Aw~|—w)dx. (4.17)
Q Q

We split the last term in (4.17) and consider each term separately.
Noting (3.16), Holder’s inequality, and the continuous injection of V into L**?(Q) yields

(|lu]? Au — 0| Av) - wdx < (p + 1)\ /22 + wz/(\uV’ + |v|?)|w|? dx
/Q p 1 L,

2
< C(Ialfyuy + 1015,42) 113,52

< C(lullf,py + 1015,15) 1wl (4.18)
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In addition, from (3.16) and a simple Young’s inequality we have
/ (|u\pAu — \v|"Av) Awdx < (p+ 1)/ 23 + wf/(|u|” + [v|?)|w||Aw| dx
Q Q

1
/(Wﬂ + [o]*)|w|* dx + < / |Aw|? dx. (4.19)
From Holder’s inequality and the continuous injection of V into L**2(Q) we have

/Q(|"‘2p + |”‘2p)|w‘2 dx < (H”Hozp.m + HvH02p+2) HWH(2),2p+2
C (Il s + 013, 2) w3 (4.20)
Combining (4.17)—(4.20) leads to after kickback of % fQ |Aw|>dx

1d

ST < COUA G a4+ 101600+ 35,2+ [0135,2) Wl @21)

Multiplying through by 2 and using the Gronwall lemma gives for a.e. t € (0, T')

Iw()7 < [Iw(O)|IF exp [ 2Ct +2C / ()15, 2+ l0(s)IIf 12

+ u(s)15, 12 + 10()1I5h,0) ds

Using Holder’s inequality in time and recalling that solutions belong to L**2(Q7) leads to
Hu—va < CHuo—voH%. As uy + vy this gives continuous dependence in V. This completes
the proof of Theorem 4.1. O

Summary and discussion

We studied the weak and strong solutions of a generalised 1-w reaction-diffusion system
in d < 3 space dimensions. With minor adjustments of the proofs the results are applicable
to the homogeneous Dirichlet and periodic boundary conditions as well. Provided the
initial data is square integrable, we proved global existence, uniqueness and continuous
dependence on initial data of the weak solution, subject to restrictions on the parameter
p. Furthermore, if the initial data is in H'(Q), then there is a unique global strong
solution depending continuously on the initial data, subject to additional restrictions on
the parameter p. When p =2, d =3, we were unable to prove uniqueness of weak solutions,
or global regularity results except in the special case (see Estimate II) when p < A{/|wy].
Results in one and two space dimensions cover the important case when p = 2. Part II of
this work covers the numerical analysis of the 2w system.

The main difficulty in this work was the lack of L**2(Q7) regularity of solutions, which
forced us to severely restrict the admissible values of p via (A 2). Bearing in mind the
results obtainable by the Invariant Region method of Smoller (see the discussion in the
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Introduction) this would appear to be a limitation of the Faedo—Galerkin method and
the fact that we took the initial data in L2(Q) or H(Q).

There is still additional work to be done, for example: extending results to cover
the p = 2, d = 3 case; proving the continuous dependence of solutions on the system
parameters; and investigating how the solution dynamics depend on the data (initial and
boundary conditions).

We leave these questions for future study.

This paper significantly contributes to the mathematical analysis of reaction-diffusion
systems with a supercritical Hopf bifurcation in the reaction kinetics and paves the way
for subsequent numerical work.
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