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Abstract We present two finite-difference algorithms for studying the dynamics of
spatially extended predator–prey interactions with the Holling type II functional
response and logistic growth of the prey. The algorithms are stable and convergent provided the time step is below a (non-restrictive) critical value. This is advantageous as it is well-known that the dynamics of approximations of differential
equations (DEs) can differ significantly from that of the underlying DEs themselves. This is particularly important for the spatially extended systems that are
studied in this paper as they display a wide spectrum of ecologically relevant behavior, including chaos. Furthermore, there are implementational advantages of
the methods. For example, due to the structure of the resulting linear systems, standard direct, and iterative solvers are guaranteed to converge. We also present the
results of numerical experiments in one and two space dimensions and illustrate
the simplicity of the numerical methods with short programs in MATLAB. Users
can download, edit, and run the codes from http://www.uoguelph.ca/∼mgarvie/,
to investigate the key dynamical properties of spatially extended predator–prey
interactions.
Keywords Reaction-diffusion system · Predator-prey interaction · Finite
difference method · MATLAB
1. Introduction
1.1. Model equations
In this paper, we study the numerical solutions of 2-component reaction–diffusion
systems with the following general form (cf. May, 1974, p. 84; Murray, 1993, p. 71;
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Sherratt, 2001)
⎧

∂u
u
⎪
⎪
⎨ ∂t = δ1 u + r u 1 − w − p v h(ku),
⎪
⎪
⎩ ∂v = δ2 v + q v h(ku) − s v,
∂t

(1)

where u(
x , t) and v(
x , t) are the population densities of prey and predators at time
t and (vector) position x.  is the usual Laplacian operator in d ≤ 3 space dimensions and the parameters δ1 , δ2 , r , w, p, k, q, and s are strictly positive. The
‘functional response’ h(·) is assumed to be a C 2 function satisfying the following
conditions:
(i) h(0) = 0,
(ii) lim h(x) = 1,
x→∞

(iii) h(·) is strictly increasing on [0, ∞).
The functional response represents the prey consumption rate per predator as a
fraction of the maximal consumption rate p. The constant k determines how fast
the consumption rate saturates as the prey density increases. q and r denote maximal per capita birth rates of predator and prey, respectively, s is the per capita
predator death rate, and w the prey-carrying capacity. In the above model, the
local growth of the prey is logistic and the predator shows the ‘Holling type II
functional response’ (Holling, 1959). Type II functional responses are the most
frequently studied functional responses and well documented in empirical studies
(for review, see Gentleman et al., 2003; Jeschke et al., 2002; Skalski and Gilliam,
2001). It is important to note that the above model takes into account the invasion of the prey species by predators but does not include stochastic effects or
any influences from the environment. Nevertheless, reaction–diffusion equations
modeling predator–prey interactions show a wide spectrum of ecologically relevant behavior resulting from intrinsic factors alone, and is an intensive area of
research. For an introduction to research in the application of reaction–diffusion
equations to population dynamics, see Holmes et al. (1994) and the references
therein.
It is much easier to work with equations that have been scaled to nondimensional form. Thus, in (1), we take

u=

u
,
w


v=v

 p 
,
rw



t = r t,


xi = xi

and rescale the parameters via
a = k w,

b=

q
,
r

s
c= ,
r

δ=

δ2
.
δ1

r
δ1

1/2

,
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This leads to (after dropping the tildes) the nondimensional system:
⎧
∂u
⎪
⎨
= u + u(1 − u) − v h(au),
∂t
⎪
⎩ ∂v = δv + b v h(au) − c v,
∂t

(2)

where the parameters a, b, c, and δ are strictly positive. We assume the system is
defined on a bounded domain (habitat), denoted by , and augmented with appropriate initial conditions and the zero-flux boundary conditions. The particular
choice of boundary conditions reflects the assumption that the individual species
cannot leave the domain.
The aim of this paper is to present two stable finite-difference schemes for the
numerical solution of (2) in one and two space dimensions and illustrate the simplicity of the numerical methods with short programs in MATLAB. A detailed numerical analysis of the model equations was undertaken by Garvie and Trenchea
(2005b), and the current work provides the computational and implementational
details needed to study the key dynamical properties of these equations. We also
give the results of some numerical experiments that have ecological and numerical
implications.
We focus on the following specific type II functional responses with positive
parameters α, β, and γ
h(η) = h1 (η) =

η
1+η

h(η) = h2 (η) = 1 − e−η

(η = au),
(η = au),

with a = 1/α, b = β, c = γ ,

(3a)

with a = γ , c = β, b = αβ,

(3b)

due originally to Holling (1965) and Ivlev (1961), respectively. Thus, the two types
of kinetics covered by this work are
uv
βuv
, g(u, v) =
− γ v,
u+α
u+α
−γ u
(ii) f (u, v) = u(1 − u) − v 1 − e
, g(u, v) = βv α − 1 − αe−γ u .
(i) f (u, v) = u(1 − u) −

In order to provide guidelines on the appropriate choice of parameters for numerical simulation of the full reaction–diffusion system, it is important to consider
the local dynamics of the system (Medvinsky et al., 2002). It is, naturally, the dynamics in the biologically meaningful region u ≥ 0, v ≥ 0 that are of interest. By
considering the ‘nullclines’ f = 0, g = 0, and the intersection of these curves in
phase space, linear stability analysis reveals that we have saddle points at (0, 0)
and (1, 0) for both types of kinetics. Furthermore, there is a stationary point at
(u∗ , v ∗ ) corresponding to the coexistence of prey and predators, given by
αγ
β −γ
,
v ∗ = (1 − u∗ )(u∗ + α), with β > γ , α <
,
β −γ
γ


α−1
α−1
1
u∗ (1 − u∗ )
,
with
α
>
1,
γ
>
−
ln
, v∗ =
,
u∗ = − ln
∗
−γ
u
γ
α
1−e
α

u∗ =

934

Garvie

Fig. 1 Phase plane for 2 with Kinetics (ii). Parameter values: α = 1.5, β = 1.0, γ = 5.0.

for Kinetics (i) and (ii), respectively. In order for the stationary point to be in the
positive quadrant, we must have 0 < u∗ < 1, The result leads to the stated restrictions on the parameters (assumed throughout). Notice that in both cases b > c.
For certain parameter choices (see Garvie and Trenchea, 2005a for additional details), the kinetics have a stable limit cycle surrounding the unstable stationary
point (u∗ , v ∗ ), i.e., the densities of predators and prey cycle periodically in time.
An example of kinetics with a limit cycle is illustrated in Fig. 1.
1.2. Background
For the remainder of this section, we give a brief review of previous work on (2)
with either the Holling or the Ivlev functional response. It was proved in Garvie
and Trenchea (2005a) that the predator–prey systems are well posed mathematically, meaning that there is a unique solution for all time, depending continuously
on the initial data. Furthermore, with bounded nonnegative initial data solutions
remain nonnegative for all time. This is obviously necessary for any realistic model
involving biological or chemical ‘species.’
The system of ordinary differential equations (ODEs), i.e., the spatially homogeneous system, corresponding to (2) has been well studied (Freedman, 1980;
May, 1974; Murray, 1993). The ODE system corresponding to Kinetics (i) is sometimes called the Rosenzweig–MacArthur model (Rosenzweig and MacArthur,
1963), and has been used in many studies to fit ecological data. However, there
are fewer papers, concerning the (‘spatially extended’) reaction–diffusion system,
which takes into account both spatial and temporal dynamics of predators and
prey.
A work that partly motivated this study is a SIAM Review paper (Medvinsky
et al., 2002) that considers the reaction–diffusion system (2–3a) as a model for
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marine plankton dynamics. The paper has an extensive reference list, and the authors numerically show that, for various initial conditions, the evolution of the
system leads to the formation of spiral patterns, followed by irregular patches over
the whole domain (spatiotemporal chaos), which are in qualitative agreement with
field observations.
For additional studies of the reaction–diffusion systems considered here see
Malchow and Petrovskii (2002), Petrovskii and Malchow (2001), Petrovskii and
Malchow (1999), Petrovskii and Malchow (2002), Sherratt et al. (1997), Sherratt
et al. (2002), Sherratt et al. (1995), Alonso et al. (2002), Gurney et al. (1998), Rai
and Jayaraman (2003), and Savill and Hogeweg (1999).
In addition to works on spatiotemporal phenomena such as waves and chaos,
there is a large group of papers on stationary spatial patterns in predator–prey systems. These arise via diffusion driven instability (discovered by Turing, 1952) and
rely on significant differences between predator and prey diffusion coefficients (see
for example Segel and Jackson, 1972, and the references in Murray, 1993; Neubert
et al., 2002). For two studies of diffusion-induced chaos for (2) with Kinetics (i) see
Pascual (1993), Rai and Jayaraman (2003). In some situations, one can assume that
the diffusion coefficients of predators and prey are equal, excluding the possibility
of ‘Turing patterns.’ For example, this assumption is valid for plankton communities, where turbulent diffusivity is usually much greater than the diffusivity of the
plankton species (Medvinsky et al., 2002; Petrovskii and Malchow, 2002), but less
valid for terrestrial communities, where the predator population is typically more
motile than the prey population.
The remainder of the paper is organized in the following way. In Section 2, we
present two semi-implicit (in time) finite-difference schemes for approximating the
solutions of (2) in one and two space dimension. In Section 3, we present the results
of numerical experiments in one and two dimensions, and sample MATLAB codes
are described in Section 4. In Section 5, some concluding comments are made. The
sample MATLAB codes are listed in Appendix D.

2. Numerical solution of the model equations
2.1. Motivation
Almost all of the realistic models in biology are nonlinear (Murray, 1993), without
closed form solutions, thus numerical methods have an important part to play in
investigating the behavior of their solutions. The rigorous numerical analysis of (2)
(with either kinetic forms) was undertaken by the author in Garvie and Trenchea
(2005b) using the standard Galerkin finite-element method (Brenner and Scott,
1994; Ciarlet, 1979) with piecewise linear basis functions. With appropriate conditions on the discretization parameters and initial data, the finite-element methods
possess several theoretical and implementational advantages, namely
(i) they are stable;
(ii) they are convergent;
(iii) the resulting linear systems have a simple structure;
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(iv) the schemes have equivalent finite-difference representations on rectangular
domains.
As a consequence of (iii), standard direct and iterative solvers can be employed
to solve the resulting linear systems, and due to the last property, the stability,
convergence, and implementational features of the finite-element methods can be
carried over to the less theoretical finite-difference setting on rectangular domains,
which is the focus of this paper. In this setting, by ‘equivalent’ we mean that the
linear systems obtained from the finite-element and finite-difference methods are
identical, thus the respective numerical results will be identical. With appropriate
modification of the boundary conditions more general domains can be handled as
well.
The finite-difference method (Hildebrand, 1968; Morton and Mayers, 1996;
Richtmyer and Morton, 1967) is widely used by the scientific community for the
numerical solution of reaction–diffusion equations; however, there are comparatively few studies that give stability and convergence results (see for example
Ascher et al., 1995; Beckett and Mackenzie, 2001; Hoff, 1978; Jerome, 1984; Li
et al., 1994; Mickens, 2003; Pao, 1998, 1999, 2002; Pujol and Grimalt, 2002). The
need for a rigorous numerical analysis is due to the well-known (but often neglected) fact that the dynamics of the approximations of nonlinear differential
equations (DEs) can differ significantly from that of the original DEs themselves.
The literature abounds with examples of spurious behavior of numerical solutions,
e.g., spurious fixed points, numerical ‘chaos,’ and spurious periodicity, which does
not reflect the behavior of the underlying continuous model. The use of approximation methods with known stability and convergence properties is particularly
important for the predator–prey models studied in this paper as the solutions are
inherently chaotic (Medvinsky et al., 2002; Sherratt et al., 1997, 1995). Thus, with
careful application of the finite-difference methods presented in this paper, the scientist can distinguish between the onset of numerical instability and chaos that is a
true feature of the continuous model. For a unified treatment of how and when the
finite-difference method for reaction–diffusion equations breaks down see Stuart
(1989), Elliott and Stuart (1993), and Ruuth (1995); for a more general treatment
of the area of spurious solutions of DEs see Stuart and Humphries (1998, Chapter 5), Yee and Sweby (1994, 1995), and the references therein.
2.2. Preliminaries
In order to construct the finite-difference methods in one space dimension, take
a uniform subdivision of the interval  = [A, B], 0 ≤ A < B, with grid points
xi = i h + A, i = 0, . . . , J , and space step h = (B − A)/J . For the two-dimensional
approximations, we use a uniform subdivision of the square  = [A, B] × [A, B]
with grid points (xi , y j ) = (i h + A, j h + A), i, j = 0, . . . , J . It will be convenient
to define
J =

J
if d = 1,
(J + 1)2 − 1 if d = 2,
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Fig. 2 Two-dimensional grid with nodes (•) and fictitious nodes ().

so that in both dimensions, we have 2( J+ 1) unknowns to solve for. The computational grid in the two dimensional case is illustrated in Fig. 2. We also take
a uniform subdivision of the time interval [0, T] with time levels tn = nt, n =
1, . . . , N, so the time step is t = T/N. The approximation to the solution u =
in = (Uin , Vin )T ,
(u, v)T of (2) in one dimension at the point (xi , tn ) is denoted by U
n
n
n
T
i, j = (Ui, j , Vi, j ) denotes the two-dimensional approximation at the point
while U
(xi , y j , tn ). Nodes on the two-dimensional grid are numbered in the natural way,
i.e., numbered consecutively from left to right starting with the bottom row, from
k = 0, 1, . . . , J. The relationship between the natural numbering of the nodes and
the (i, j) indexing is given by
Ukn = Ui,n j

wherek = i + j(J + 1) for i, j = 0, . . . , J.

(4)

The (i, j) indexing of the approximations is used to express the finite-difference
schemes, while indexing based on the natural numbering of the nodes is used
in the resulting linear systems. These two indexing systems coincide in the onedimensional case.
Two semi-implicit (in time) finite-difference methods are presented in Schemes
1 and 2. The methods are called semi-implicit as the right-hand side of the schemes
involve approximations at the current time level tn and at the previous time level
tn−1 . Both methods lead to a sparse, banded, linear system of algebraic equations.
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In order to approximate the predator–prey system with stable finite-difference
methods (see Garvie and Trenchea, 2005b), we replace the functional responses
(3a)–(3b) by the modified functional responses
h(χ) = h1 (χ) =

χ
,
1 + |χ|

(5)

h(χ) = h2 (χ) = 1 − e−|χ | ,

(6)

and modify the logistic growth term via
χ(1 − χ) −→ χ(1 − |χ|).
The following notation is used to simplify the forward differences in time, the
central difference approximation of the Laplacian in one dimension, and the fivepoint central difference approximation of the Laplacian in two dimensions:
∂n ψ n = (ψ n − ψ n−1 )/t,

(7)

h ηi = (ηi+1 − 2ηi + ηi−1 )/ h2 ,

(8)

h χi, j = (χi, j+1 + χi, j−1 + χi+1, j + χi−1, j − 4χi, j )/ h .
2

(9)

Note that we use the same symbol h for the discrete Laplacian operator in both
the one- and two-dimensional cases, as the context will make it clear which one we
refer to.
2.3. General form of difference schemes
In the following, we denote f and g to be the (‘modified’) discrete kinetic functions
corresponding to f and g. The one-dimensional linear schemes have the following
general form.
For n = 1, . . . , N and i = 0, . . . , J find {Uin , Vin } such that


in−1 ,
in , U
∂nUin = h Uin + f U
in , U
in−1 ,
∂n Vin = δh Vin + g U

(10)

with initial approximations given by
Ui0 := u0 (xi ),

Vi0 := v0 (xi ).

(11)

The two-dimensional linear schemes have the following general form.
For n = 1, . . . , N and i, j = 0, . . . , J find {Ui,n j , Vi,nj } such that


i,n j , U
i,n−1
,
∂nUi,n j = h Ui,n j + f U
j
n−1
n
n
n
i, j , U
i, j ,
∂n Vi, j = δh Vi, j + g U

(12)
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with initial approximations given by
Ui,0 j := u0 (xi , y j ),

Vi,0 j := v0 (xi , y j ).

(13)

In both cases, we also need a number of auxiliary conditions that approximate
the zero-flux boundary conditions of the continuous equations. For ease of exposition, these are described in Appendix A.
2.4. Scheme 1
The first scheme involves an approximation of the reaction kinetics with terms
at the current time level tn and the previous time level tn−1 . The kinetics in one
dimension corresponding to (10) are
in−1 = f1 U
in−1 = Uin − Uin |Uin−1 | − Vin h aUin−1 ,
in , U
in , U
f U
g

in−1
in , U
U

=

in−1
in , U
g1 U

=

bVin h

aUin−1

−

cVin ,

(14a)
(14b)

while in two dimensions, the kinetics corresponding to (12) are given analogously
by


 − V n h aU n−1 ,
i,n−1
i,n−1
i,n j , U
i,n j , U
f U
= f1 U
= Ui,n j − Ui,n j Ui,n−1
i, j
j
j
j
i, j

(15a)

i,n j , U
i,n−1
 n  n−1 = bVi,nj h aUi,n−1
g(U
− cVi,nj .
j ) = g1 Ui, j , Ui, j
j

(15b)

Scheme 1 can be expressed as 2( J+ 1) linear equations in the following block
matrix form with the ‘natural numbering’ of the nodes:


An−1
0

Bn−1
Cn−1



n
U

Vn


=

 n−1
U
 n−1
V

,

1 ≤ n ≤ N,

(16)

where
 n = U0n , . . . , Un T ,
U
J

 n = V0n , . . . , Vn T .
V
J

The constant coefficient matrix L, and coefficient matrices An−1 , Bn−1 , and Cn−1 ,
depending on the solution at time level tn−1 , are given in Appendix B.
2.5. Scheme 2
The second scheme is simpler than the first, as it involves an approximation of the
reaction kinetics with terms entirely at the previous time level tn−1 . The kinetics in
one dimension corresponding to (10) are
in−1 = Uin−1 − Uin−1 |Uin−1 | − Vin−1 h aUin−1 ,
in , U
in−1 = f2 U
f U

(17a)
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in−1 = bVin−1 h aUin−1 − cVin−1 ,
in , U
in−1 = g2 U
g U

(17b)

while in two dimensions, the kinetics corresponding to 12 are given analogously
by


n−1  n−1 
n−1
i,n−1
i,n j , U
i,n−1
− Vi,n−1
f U
= f2 U
= Ui,n−1
,
j
j
j − Ui, j Ui, j
j h aUi, j

(18a)

n−1
i,n−1
i,n−1
i,n j , U
= g2 U
= bVi,n−1
− cVi,n−1
g U
j
j
j h aUi, j
j .

(18b)

Scheme 2 can be expressed as 2( J + 1) linear equations in the following block
matrix form with the ‘natural numbering’ of the nodes:


B1 0
0 B2



n
U
n
V




=


 n−1 + t F
U
,

 n−1 + t G
V

1 ≤ n ≤ N,

(19)

where
kn−1 ,
 k = f2 U
{ F}

 k = g2 U
kn−1 ,
{G}

for k = 0, . . . , J,

(see (4)). The constant coefficient matrices B1 and B2 are given in Appendix B.
2.6. Some implementational issues
We solve the linear system (16) at each time step in two stages. First, we solve
 n−1 for V
 n , and then solve An−1 U
 n−1 − Bn−1 V
 n . In the
n = V
n = U
 n for U
Cn−1 V
case of linear system (19), due to the block diagonal form and the constant co n and V
 n independently at each time level.
efficients of B1 and B2 , we solve for U
Thus, in both cases, due to the simple structure of the linear systems, we effectively
solve tri-diagonal systems in one dimension, and block tri-diagonal systems in two
dimension, i.e., the situation is similar to approximating the solutions of a scalar
reaction–diffusion system.
From Garvie and Trenchea (2005b) it follows that
(H1) the initial data u0 , v0 is bounded and nonnegative, with continuous first and
second derivatives,
1
(H2) t < min{ 17 , 1+4(b−c)
}, (b > c),
(H3) h ≤ 1,
then Schemes 1 and 2 are stable finite-difference approximations and the coefficient matrices of the linear systems (19) and (16) are strictly (row) diagonally dominant. From the elementary numerical analysis, we recall that Gaussian elimination
can be successfully applied to a strictly diagonally dominant matrix A, without the
need for partial pivoting. With regard to Scheme 2, as B1 and B2 are constant co n and V
 n , we need only apply LU factorefficient matrices, in order to solve for U
ization once (in each case), followed by forward and backward substitution at each
time step. Iterative linear solvers can also be employed. For example, given any
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initial approximation, the Jacobi and Gauss–Seidel iterative methods give sequences that converge to the unique solution of A
x = b (Isaacson and Keller,
1966).
For higher dimensional problems, more sophisticated iterative solvers may be
needed due to the extra storage and computational requirements, e.g., Krylov subspace methods. An example in this class is the GMRES algorithm with ‘restarts’
(Saad and Schultz, 1986). If the matrix A is strictly diagonally dominant, then this
iterative solver converges for any restart value (Saad, 2003).

3. Numerical results
After numerically calculating the rates of convergence for the finite-difference
methods, the results of experiments in one and two space dimensions are presented. The linear systems resulting from the solution of the one-dimensional
problems were solved using LU factorization, while the linear systems resulting
from the solution of the two-dimensional problems were solved using the GMRES
algorithm (without preconditioning). Our criterion for deciding when numerical
solutions converged was to reduce the time step, with the space kept sufficiently
small to clearly see the qualitative features of solutions, until there was virtually
no difference between approximations from Schemes 1 and 2.
All codes were run in MATLAB 6.5.1 (R13SP1). Note that there is currently a bug in MATLAB 7.0.1 (R14SP1) when using the GMRES function. MathWorks Inc. (support@mathworks.com) can send a corrected version of the GMRES function needed to run our codes with the latest
version of MATLAB. Instructions, plus the problem description, are given
at http://www.mathworks.com/support/solutions/data/1-Z81WY.html?solution=1Z81WY.
In the numerical experiments, we chose parameter sets that guarantee a stable
limit cycle in the reaction kinetics surrounding an unstable steady state (u∗ , v ∗ ).
Thus, the densities of predators and prey are oscillatory, which is the situation of
primary interest from an ecological point of view.
3.1. Rate of convergence
We numerically verify the (pointwise) convergence rates of Scheme 1 for the
predator–prey system with Kinetics (i) in one dimension. As no exact solution
of the predator–prey system (2) is known, the approximation on a fine mesh and
a small time step was compared with the corresponding approximations on a sequence of coarse meshes and larger time steps. The fine solution from Scheme 1
was used in place of an ‘analytical’ solution. Similar results were obtained for Kinetics (ii) and with Scheme 2 (results omitted).
 n be the solution vector of (16) (for the prey) calculated on the coarse grid
Let U
with space step h and time steps t at time T. Let u n be the solution vector of (16)
(for the prey) calculated on the fine mesh with space step hfine and time steps tfine
at time T. The l∞ norm of the ‘error’ between the fine solution and the coarse
solution is given by
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Table 1

Rates of convergence of Scheme 1 with Kinetics (i).

h

En (h, 1/57344)

Rh (3 s.f.)

1
1/2
1/4
1/8
1/16

3.914e−03
9.081e−04
2.238e−04
5.577e−05
1.393e−05

4.31
4.06
4.01
4.00
–

Note. t = (1/57344), h = (1/2 j ), j = 0, 1, 2, 3, 4.

n
En (h, t) := u n − U

∞



= max unj − U nj .
0≤ j≤J

We fixed hfine = 1/1024, tfine = 1/57344, A = 0, B = 50, T = 10/7, α = 0.3, β =
2.0, γ = 0.8, and chose the initial data
u0 (x) = 0.2 + 0.2 cos(π x/16),
v0 (x) = 0.4 + 0.4 sin(π x/16).
The following ratios were computed
Rh :=

En (h, tfine )
,
En (h/2, tfine )

Rt :=

En (hfine , t)
,
En (hfine , t/2)

to obtain the results in Tables 1 and 2. The tabulated results indicate that the rates
of convergence are first order in the time step, and second order in the space step,
i.e.,
unj − U nj = O(t + h2 ).

3.2. Experiments in one dimension
In Fig. 3, the numerical solutions of the predator–prey system are plotted for
Scheme 1 with Kinetics (i). The parameter values and initial data are given in
the caption. The initial data are small spatial perturbations of the stationary soTable 2 Rates of convergence of Scheme 1 with Kinetics (i).
t

En (1/1024, t)

Rt (3 s.f.)

1/7
1/14
1/28
1/56
1/112

2.807e−02
1.340e−02
6.548e−03
3.237e−03
1.608e−03

2.09
2.05
2.02
2.01
–

Note. h = (1/1024), t = (1/{7(2 j )}), j = 0, 1, 2, 3, 4.
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Fig. 3 One-dimensional numerical solutions of the predator–prey system with Kinetics (i), using
Scheme 1 at T = 600: solid lines for prey Uin and dashed lines for predators Vin . Parameter values
and initial data: β = 2, γ = 4/5, δ = 1, h = 1, t = 10−4 , Ui0 = u∗ + 10−8 (xi − 1200)(xi − 2800),
Vi0 = v ∗ . (a) α = 1/2 (u∗ = 1/3, v ∗ = 5/9), (b) α = 33/80 (u∗ = 11/40, v ∗ = 319/640), (c) α =
3/10 (u∗ = 1/5, v ∗ = 2/5), (d) α = 1/20 (u∗ = 1/30, v ∗ = 29/360).

lutions u∗ and v ∗ of the spatially homogeneous system. Varying α from 0.05 to
0.5, led to the four basic one-dimensional dynamics, namely stationary, smooth oscillatory, intermittent ‘chaos,’ and ‘chaos’ covering (almost all) of the domain. In
Fig. 3(a), the approximations have evolved into the spatially homogeneous stationary states u∗ and v ∗ . In Fig. 3(c), we used the same initial data and parameter values
as in Medvinsky et al. (2002), resulting in the same intermittent spatial structures
at roughly the same positions.
3.3. Experiments in two dimension
In Figs. 4–7, the numerical solutions Ui,n j of the predator–prey system are plotted using Scheme 1 (figures in first columns), and Scheme 2 (figures in second
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Fig. 4 Two-dimensional approximate prey densities Ui,n j for Kinetics (i), using Scheme 1 (first
column figures) and Scheme 2 (second column figures) at T = 150. Parameter values and initial
data: α = 0.4, β = 2.0, γ = 0.6, δ = 1, Ui,0 j = u∗ − 2 × 10−7 (xi − 0.1y j − 225)(xi − 0.1y j − 675),
Vi,0 j = v ∗ − 3 × 10−5 (xi − 450) − 1.2 × 10−4 (y j − 150). Plots show successive refinements of t
with h fixed at 1: (a)–(b) t = 1/3, (c)–(d) t = 1/24, (e)–(f) t = 1/384 (u∗ = 6/35, v ∗ =
116/245).
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Fig. 5 Two-dimensional approximate prey densities Ui,n j for Kinetics (i), using Scheme 1 (first
column figures) and Scheme 2 (second column figures) at T = 1000. Parameter values and initial
data as in Fig. 4. This is the same experiment as in Fig. 4 but at a later time T.

columns). Kinetics (i) was used to generate Figs. 4–6, while Kinetics (ii) was employed in Fig. 7. The initial data and parameter values of Figs. 4–6 were chosen to correspond to Figs. 10(b), (f), and 11(b), respectively, in Medvinsky et al.
(2002). As t is reduced to 1/384, we observe the convergence of the numerical
solutions from Schemes 1 and 2 in each case. In all cases, the space step h was
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Fig. 6 Two-dimensional approximate prey densities Ui,n j for Kinetics (i), using Scheme 1 (first
column figures) and Scheme 2 (second column figures) at T = 120. Parameter values and initial
data: α = 0.4, β = 2.0, γ = 0.6, δ = 1, Ui,0 j = u∗ − 2 × 10−7 (xi − 180)(xi − 720) − 6 × 10−7 (y j −
90)(y j − 210), Vi,0 j = v ∗ − 3 × 10−5 (xi − 450) − 6 × 10−5 (y j − 135). Plots show successive refinements of t with h fixed at 1: (a)–(b) t = 1/3, (c)–(d) t = 1/24, (e)–(f) t = 1/384 (u∗ = 6/35,
v ∗ = 116/245).
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Fig. 7 Two-dimensional approximate prey densities Ui,n j for Kinetics (ii), using Scheme 1 (first
column figures) and Scheme 2 (second column figures) at T = 110. Parameter values and initial
data: α = 1.5, β = 1.0, γ = 5.0, δ = 1, Ui,0 j = 1.0, Vi,0 j = 0.2 if (xi − 200)2 + (y j − 200)2 < 400 and
zero otherwise. Plots show successive refinements of t with h fixed at 1: (a)–(b) t = 1/3, (c)–(d)
t = 1/24, (e)–(f) t = 1/384.

kept equal to unity, i.e., x = y = 1. We repeated some of the experiments with
h = 1/2 to check that further reductions in the space step had no significant affect
on the numerical results. Figure 5 demonstrates that we were unable to achieve
a perfect match between thenumerical solutions for Schemes 1 and 2. This may
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be due to the fact that first-order time-stepping schemes may fail to accurately
reproduce highly oscillatory solutions for reaction–diffusion systems (Ruuth,
1995). Furthermore, the final time T used to obtain the results in Fig. 5 is much
greater than the final time used to obtain Figs. 4, 6, and 7, resulting in a greater
global error.
In Figs. 4–6, the initial data are small spatial perturbations of the stationary solutions u∗ and v ∗ of the spatially homogeneous system. In Fig. 4, the evolution of
the system led to the formation of spiral patterns, followed by irregular patches
covering the whole domain (see Fig. 5), confirming the qualitative behavior reported in (Medvinsky et al., 2002). The size of these patches has been related to
the characteristic length of observed plankton patterns in the ocean (see Medvinsky et al., 2002, and the references therein). An animation of this spiral wave
‘break-up’ from t = 0 to 1000 can be seen at http://www.uoguelph.ca/∼mgarvie/
(click under ‘research’ and see the section entitled ‘Spatially-extended predator–
prey models’).
In Fig. 6, we observe that as t is reduced, the initial spiral patterns disappear, indicating that the spiral pattern of Fig. 11(b) in Medvinsky et al. (2002)
is probably a numerical artifact. The different numerical results may be due to the
different domain shape used in Medvinsky et al. (2002), namely, a 900 × 300 rectangle. However, we think this is unlikely. Preliminary results obtained on the
900 × 300 rectangle (omitted for the sake of brevity) did not differ significantly
from the results obtained on the square domain. We comment that we would expect significant differences in the numerical results obtained on the two domains
with different boundary conditions, e.g., in the Homogeneous Dirichlet boundary
condition case.
In Fig. 7, the initial localized introduction of predators into a uniform distribution of prey led to the spread of predators over the domain, with perfectly circular bands of regular spatiotemporal oscillations behind the wave front (‘target
pattern’). This behavior mimics the invasion of prey by predators in ecological systems. For an in-depth discussion of the possible applicability of these results to real
ecological communities see Sherratt et al. (1997).
Note that in Medvinsky et al. (2002), the numerical method and the space and
time steps used to obtain the two-dimensional results are not stated, thus only
approximate comparisons could be made with our results.

4. Description of the MATLAB code
The MATLAB code in Appendix B is mostly self explanatory, with the names
of variables and parameters corresponding to the symbols used in the finitedifference methods described in Section 2. The codes for Schemes 1 and
2, with either Kinetics (i) or (ii), can be downloaded from the web site:
http://www.uoguelph.ca/ mgarvie/ (accessed December 2005). We give a description of the different parts of the one-dimensional and two-dimensional MATLAB
codes for Scheme 2 applied to Kinetics (i), called FD1D and FD2D, respectively,
and provide some user details. The codes for Scheme 2 applied to Kinetics (ii) and
Scheme 1 are similar.
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The code employs the sparse matrix facilities in MATLAB when assembling and
solving the linear systems, which provides advantages in both matrix storage and
computation time. The code is vectorized to minimize the number of ‘for-loops’
and conditional ‘if-then-else’ statements, which again helps speed up the computations. To solve the linear systems we used MATLAB’s built in functions LU and
GMRES in FD1D and FD2D, respectively. The GMRES algorithm in MATLAB requires
a number of input arguments. For the experiments, we found it acceptable to use
the default settings, e.g., no ‘restarts’ of the iterative method or use of preconditioners, and a tolerance for the relative error of 1 × 10−6 . In practice, the user will
need to experiment with the restart value, tolerance, and other input parameters
in order to achieve satisfactory rates of convergence of the GMRES function. For
definitions of these input arguments (and others), see the description in MATLAB’s
Help pages. We remark that a pure C or FORTRAN code is likely to be faster than
the MATLAB codes but with the disadvantage of much greater complexity and
length.
The user is prompted for all necessary parameters, time and space steps, and
initial data. Due to a limitation in MATLAB vector indices cannot be equal to zero,
thus the nodal indices 0, . . . , J are shifted up one unit to give 1, . . . , J + 1 so xi =
(i − 1)h + A. Note that we use ‘a’ and ‘b’ instead of ‘A’ and ‘B’ in the code, in
keeping with the MATLAB convention of reserving capital letters for matrices.
4.1. One-dimensional code
Program FD1D, listed in Appendix D, is structured as follows:

r Lines 4–12: User prompted for model parameters.
r Lines 14–15: User prompted for initial data as a string (allowable formats discussed below).

r Lines 17–20: Calculate some constants.
r Lines 22–25: Initialize matrices.
r Lines 27–29: Assign initial data numerically.
r Lines 31–38: Assemble matrices L, B1 , and B2 .
r Lines 40–41: LU factorization of B1 and B2 .
r Lines 43–59: Solve the linear system repeatedly up-to time level t N = T using
forward and backward substitution.

r Line 61: Plot numerical solutions for u and v at time T.
The initial data functions are entered by the user as a string, which can take several different formats. Functions are evaluated on an element-by-element basis,
where x = (x1 , . . . , x J +1 ) is a vector of grid points, and so a ‘.’ must precede each
arithmetic operation between matrices. The exception to this rule is when applying
MATLAB’s intrinsic functions where there is no ambiguity. Some arbitrary examples with an acceptable format include the following:
>> Enter initial prey function u0(x) 0.2*exp(-(x-100).ˆ2)
>> Enter initial predator function v0(x) 0.4*x./(1+x)
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or
>> Enter initial prey function u0(x) 0.3+(x-1200).
*(x-2800)
>> Enter initial predator function v0(x) 0.4
This last example shows that for a constant solution vector, we need only enter a
single number. It is also possible to enter functions that are piecewise defined by
utilizing MATLAB’s logical operators & (‘AND’), | (‘OR’),  (‘NOT’), applied to
matrices. For example, on a domain  = [0, 200] to choose an initial prey density
that is equal to 0.4 for 90 ≤ xi ≤ 110, and equal to 0.1 otherwise, the user inputs:
>> Enter initial prey function u0(x)
0.4*((x>=90)&(x<=110))+0.1*((x<90)|(x>110))
4.2. Two-dimensional code
Program FD2D, listed in Appendix D, is structured as follows:

r Lines 4–12: User prompted for model parameters.
r Lines 14–15: User prompted for initial data as a string (allowable formats discussed below).

r Lines 17–21: Calculate some constants.
r Lines 23–25: Initialize matrices.
r Lines 27–30: Assign initial data numerically.
r Line 32: Re-order initial grid values into solution vector consistent with natural
ordering of the grid.

r Lines 34–58: Assemble matrices L, B1 , and B2 .
r Lines 60–73: Solve the linear system repeatedly up-to time level t N = T using
GMRES.

r Lines 75, 77: Re-order solution vector back to a solution grid in an appropriate
orientation for plotting.

r Lines 79–80: Plot numerical solutions for u and v at time T, where color represents density of predators and prey (a vertical ‘colorbar’ provides a scale).
The initial data is also entered by the user as a string, but now the functions
depend on a grid of x and y values X and Y (the capitals indicate that these are
matrices). Functions are entered using the same element-by-element rules for the
arithmetic operation as in the one-dimensional code. An example with an acceptable format is the following:
>> Enter initial prey function U0(X,Y) 0.2*exp(-(X.ˆ2+Y.ˆ2))
>> Enter initial predator function V0(X,Y) 1.0
We can also define functions in a piecewise fashion. For example, with  =
[−500, 500]2 , in order to choose an initial prey density of 0.2 within the circle with
radius 10 and center (−50, 200), and a density of 0.01 elsewhere on  we input the
following:
>> Enter initial predator function V0(X,Y)
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0.2*(((X+50).ˆ2+(Y-200).ˆ2)<100)+0.01*(((X+50).ˆ2+(Y-200).
ˆ2)>=100)

5. Discussion and conclusions
In this final section, we make some concluding comments and discuss our results
from both a numerical and an ecological perspectives.
5.1. Numerical comments
We presented two high-quality finite-difference schemes that allowed us to confirm a wide variety of spatiotemporal dynamics reported in the literature for
spatially extended predator–prey interactions. Complete implementational details
were given so that applied mathematicians and biologists can quickly apply and
adapt the numerical methods to investigate the dynamics of predator–prey interactions. Although the finite-difference methods (Schemes 1 and 2) are subject to
the same conditions that guarantee stability and convergence, they differ somewhat in their convergence properties. Thus, using both methods together provides
a useful additional test of convergence. For example, in Fig. 4, we had to reduce
the time step to 1/384 before the snapshots for Schemes 1 and 2 matched well,
while Figs. 3 and 5 require a much smaller time step for convergence. Some simple
MATLAB code was also presented and described, which can easily be adapted for
different initial conditions, parameter values, and kinetics. Due to the simplicity
of the schemes, we only need 80 lines of code to solve a two-dimensional problem
with 3 million degrees of freedom many thousands of times. The main disadvantage of the code is that the run time can be prohibitive when using a combination
of large domain size and final time T coupled with small space and time steps. We
make no claims as to the efficiency of the MATLAB code but hope that users will
find this a useful starting point for their own work.
5.2. Ecological comments
In one dimension, we showed how modest changes in a single parameter of the
system with Kinetics (i), namely α, can lead to dramatic changes in the qualitative
dynamics of solutions. The parameter α is the (nondimensional) half-saturation
abundance of prey. Thus, the ecological implication is that, how fast the consumption rate of predators saturate with increasing prey density can have a profound
effect on the fate of the system. In contrast, the experiments in Medvinsky et al.
(2002) focused on how the solution dynamics depend on the current state of the
system (initial conditions). The details governing the dynamics of the spatially extended system are complicated and will depend on the system parameters, the
initial data, and also the specifics of habitat geometry. Nevertheless, there are situations where the local dynamics of solutions gives us important clues to the behavior in the spatially extended situation. The one- and two-dimensional numerical
experiments presented in this paper employ parameter sets that guarantee stable
limit cycles in the reaction kinetics. As the diffusion coefficients used are equal,
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and the direction field of the reaction kinetics does not point out of the limit cycle
(see, for example, Fig. 1), the limit cycle encloses an ‘invariant region’ in phase
space (Smoller, 1983). Consequently, as the initial data, used to generate Figs. 4–6,
lies entirely in the limit cycle at every point of the domain, the solution is trapped
in this region for all time. Numerical experiments for large T confirm this behavior. The ecological implication of these results is that in the absence of external
influences, certain initial conditions can lead to spatial and temporal variations in
densities of predators and prey that persist indefinitely.
The results of this paper are an important step toward providing the theoretical
biology community with simple practical numerical methods, for investigating the
key dynamics of realistic predator–prey models.

Appendix A. Boundary conditions for the schemes
In order to implement the one-dimensional finite-difference schemes, with general form (10), we define ‘reflection’ boundary conditions at the endpoints of the
domain given by
n
U−1
:= U1n ,

UJn+1 := UJn−1 ,

n
V−1
:= V1n ,

VJn+1 := VJn−1 .

(A.1)

The ‘reflection’ boundary conditions arise from the use of fictitious nodes x−1 and
x J +1 to approximate the zero-flux boundary conditions, via
n
U1n − U−1
UJn+1 − UJn−1
=0=
,
2h
2h

(and similarly for the approximations to v). The two-dimensional case is more
complicated. In order to implement the schemes with general form (10), we still
require ‘reflection’ boundary conditions along the four edges of the square domain, i.e., for 1 ≤ i, j ≤ J − 1 define
n
n
Ui,−1
:= Ui,1
,

UJn+1, j

:=

UJn−1, j ,

n
n
Ui,J
+1 := Ui,J −1 ,

(A.2)

U1,n j ,

(A.3)

n
U−1,
j

:=

(and similarly for the approximations to v). However, in addition to these conditions, we require the ‘corner’ boundary conditions
n
n
n
= (U0,0
+ U0,1
)/2,
U0,−1
n
UJ,J
+1

=

n
(UJ,J

n
+ UJ,J
−1 )/2,

n
n
n
UJ,−1
= 2UJ,1
− UJ,0
,
n
U0,J
+1

=

n
n
n
U−1,0
= (U0,0
+ U1,0
)/2,

n
2U0,J
−1

n
− U0,J
,

UJn+1,J

=

n
(UJ,J

n
UJn+1,0 = 2UJn−1,0 − UJ,0
,
n
U−1,J

=

n
2U1,J

(SW corner)

+ UJn−1,J )/2,

n
− U0,J
,

(and similarly for the approximations to v; see Fig. 2).

(NE corner)

(SE corner)
(NW corner)
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The reason why the conditions at the SW and NE corners differ from the conditions at the SE and NW corners is because the finite-difference schemes are derived from equivalent finite-element methods (see the discussion in Section 2.1)
that employ a right-angled triangulation of the square.

Appendix B. Finite-difference matrices
In one dimension, the matrix L has dimension (J + 1) × (J + 1) and is given by:
⎤
2 −2
⎥
⎢ −1 2 −1
⎥
⎢
⎥
⎢
−1
2
−1
⎥
⎢
1 ⎢
⎥
.. .. ..
L= 2 ⎢
⎥.
.
.
.
⎥
h ⎢
⎥
⎢
−1
2
−1
⎥
⎢
⎣
−1 2 −1 ⎦
−2 2
⎡

In two dimension, the matrix L has dimension (J + 1)2 × (J + 1)2 , with blocks
(J + 1) × (J + 1), and is given by:
⎤
S T
⎥
⎢W X W
⎥
⎢
⎥
⎢ W X W
⎥
⎢
1 ⎢
⎥
.
.
.
.. .. ..
L= 2 ⎢
⎥,
⎥
h ⎢
⎥
⎢
W
X
W
⎥
⎢
⎣
W X W⎦
Y Z
⎡

⎤
3 −3/2
⎥
⎢ −1 4 −1
⎥
⎢
⎥
⎢
−1
4
−1
⎥
⎢
⎥
⎢
.
.
.
.. .. ..
S=⎢
⎥,
⎥
⎢
⎥
⎢
−1
4
−1
⎥
⎢
⎣
−1 4 −1 ⎦
−3 6
⎡

T = diag{−3/2, −2, −2, . . . , −2, −2, −3},
W = −I,
Y = diag{−3, −2, −2, . . . , −2, −2, −3/2},
⎤
4 −2
⎥
⎢ −1 4 −1
⎥
⎢
⎥
⎢
−1
4
−1
⎥
⎢
⎥
⎢
.
.
.
.. .. ..
X= ⎢
⎥,
⎥
⎢
⎥
⎢
−1 4 −1
⎥
⎢
⎣
−1 4 −1 ⎦
−2 4
⎡

⎤
6 −3
⎥
⎢ −1 4 −1
⎥
⎢
⎥
⎢
−1
4
−1
⎥
⎢
⎥
⎢
.
.
.
.. .. ..
Z=⎢
⎥.
⎥
⎢
⎥
⎢
−1 4 −1
⎥
⎢
⎣
−1 4 −1 ⎦
−3/2 3
⎡
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The coefficient matrix of the linear system (16) is defined via




An−1 : = (1 − t)I + t diag U0n−1 , . . . , UJn−1  + t L,


Bn−1 : = t diag h aU0n−1 , . . . , h aUJn−1 ,


Cn−1 : = (1 + t c)I − t b diag h aU0n−1 , . . . , h aUJn−1 + δt L,
and the coefficient matrix of the linear system 19 is defined via
B1 := I + t L,
B2 := I + δt L.
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