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Abstract

In a deterministic contest or all-pay auction, all rents are dissipated when
information is complete and contestants are identical. As one contestant be-
comes “stronger”, that is, values the prize more, total expenditures are known
to decrease monotonically. Thus, asymmetry among contestants reduces com-
petition and rent dissipation. Recently, this result has been shown to hold for
other, non-deterministic, contest success functions as well, thereby suggesting
a certain robustness. In this paper, however, the complete information assump-
tion is shown to be crucial. I examine a tractable incomplete information model
for which the complete information model is a special case. With incomplete
information — regardless of how little — total expenditures in a deterministic
two-player contest increase when one contestant becomes marginally stronger,
starting from a symmetric contest. In fact, both contestants expend resources
more aggressively; with complete information, neither of them do so. Thus,
there is a “discontinuity” in the information structure.
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1 Introduction

Tullock’s (1967, 1980) famous pair of papers have triggered a large literature on rent
seeking. In large part, the focus of this literature is on the wasteful use of resources
to contest rents. Applications thus include war, litigation, lobbying, and campaign
spending, to mention but a few. Usually, complete information is assumed. That
is, the value that each contestant place on winning the prize is common knowledge.!
Simply put, the objective of this paper is to show that some of the important findings
of this literature are not necessarily robust to the inclusion of incomplete information.

Consider a deterministic contest, or all-pay auction. In such a contest, the con-
testant who expends the most resources wins the prize with probability one. Assume
there are two contestants, and that contestant 7 is known to value the prize at v;,
t = 1,2. These rules and payoffs define a complete information game. The game
has a unique Nash equilibrium in mixed strategies; contestants randomize to keep
the opposition guessing. See Hillman and Riley (1989) and Baye, Kovenock, and de
Vries (1996) for details. If v; > vq, the expected expenditures of contestants 1 and 2
are, respectively,

EP = and ppe— 2 (1)
= — an ==
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If the contest is symmetric, or v; = vy, then all rents are dissipated since

EPf + EP; = vy. However, in many cases the contest is not symmetric. Hill-
man and Riley (1989) point out that an incumbent may value the prize more than a
challenger. Nti (1999) lists a plethora of other examples. As v; increases beyond v,,
neither contestant becomes more aggressive. More precisely, contestant 1’s expected
expenditures are unchanged, while contestant 2’s expected expenditures decline. As
a corollary, total expenditures are strictly decreasing in vy, for v; > vs.

The conclusion is that asymmetries among contestants are detrimental to com-
petition, and, as a result, there is less dissipation of rent in the fight for the prize.?

!For instance, in Konrad’s (2009) textbook, incomplete information is discussed only sparingly.
Likewise, in their collection of papers on rent seeking, Congleton, Hillman, and Konrad (2008)
include only two papers, Wirneryd (2003) and Malueg and Yates (2004), which focus explicitly on
incomplete information. Malueg and Yates (2004) concentrate on the Tullock contest; see Fey (2008)
for a similar model. Wérneryd (2003) considers common value contests in which one contestant
is uncertain of what that value is. Hurley and Shogren (1998) also examine one-sided incomplete
information in a Tullock contest. Hillman and Riley (1989) consider two-sided incomplete informa-
tion in a deterministic contest, assuming contestants are symmetric ex ante. Building on Amann
and Leininger (1996), the current paper allows contestants to be asymmetric ex ante.

2 As in much of the literature, the focus here is on the absolute level of rent dissipation, not the
relative level. Moreover, this paper is concerned only with one-shot, simultaneous contests. See e.g.
Amegashie (2006) and Konrad (2009) for discussions of dynamics in contests.



These comparative statics provide a key building block in other studies, most promi-
nently in Baye, Kovenock, and de Vries’ (1993) seminal paper on the “exclusion
principle”. The robustness of the results is therefore of interest.?

The preceding contest is extreme on at least two dimensions. First, the contest is
deterministic; there is no room for luck or random factors to influence the outcome.
However, the comparative statics have recently been shown to be robust to changes
in the contest success function. Che and Gale (2000) and Alcalde and Dahm (2010)
each consider a class of (mutually exclusive) contest success functions for which the
deterministic contest is a limiting case. In both cases, there is an equilibrium for
which expenditures are given by (1) whenever the contest success function is “suffi-
ciently close” to the deterministic success function, in the sense that a contestant’s
winning probability increases dramatically enough when he unilaterally increases his
expenditures, starting from a position of equal expenditures.

Second, the contest assumes complete information. It is natural to ask whether
the comparative statics are also robust to changes in the underlying information
structure. While there are many ways to model incomplete information, I will pur-
sue a particularly tractable incomplete information model, recently introduced by
Kirkegaard (2011). The model shares many features with the complete information
model and allows any bidder’s strength to be captured by a single variable. In fact,
the complete information model can be seen as a special case of the model examined
here. Section 2 provides additional motivation for the model choice.

Starting from a symmetric contest, with incomplete information a marginal in-
crease in bidder 1’s strength causes the expected expenditures of both contestants
to strictly increase. As a corollary, total expected expenditures strictly increase.
Clearly, incomplete information gives rise to precisely the opposite comparative sta-
tics than complete information, at least when the asymmetry is small.

The following example demonstrates the main point. Assume bidder i, i = 1, 2,

draws his valuation from the distribution function
1

Fi(v) =e— + (1—¢) (_3) v €10,

(% Ui

3This is not the first paper to question the robustness of these results. Anderson et al (1990)
state that asymmetries “can lead to unintuitive comparative statics in a Nash equilibrium.” They
then develop a model with bounded rationality which exhibits very different comparative statics.
For instance, a contestant who becomes stronger will respond by becoming more aggressive, in
equilibrium. In contrast, contestants are rational in the current paper.

4However, the comparative statics are different when the contests success function is not too
discriminating, see e.g. Nti (1999) and Baik (1994). Fang (2002) demonstrates that the exclu-
sion principle does not hold in this case either. Riley (1999) examines the comparative statics in
deterministic contests in which not all effort is a sunk cost.



where U; > 75 and € is a small but positive number, € € (0, 1]. Ex ante, bidders differ
only with respect to v;, which can then be used as a measure of their strength. The
density is strictly positive everywhere, as long as ¢ > 0. As ¢ — 0, F(v) — 0 for all
v € [0,7;); hence, all mass is concentrated close to v = v;. If € = 0, the distribution
is degenerate (information is complete). The point is that the comparative statics
for ¢ = 0 are the opposite of those arising for any strictly positive €. Thus, in
this model there is an intriguing “discontinuity” with respect to the information
structure. Complete information is a knife-edge.’

2 Model

The contest is assumed to take the form of an all-pay auction. Hence, the auction
terminology will be used. Two risk neutral bidders (contestants) are vying for a
prize by submitting bids (committing effort to the contest). The highest bid wins,
but both bidders pay their respective bids. A bidder is characterized by his type,
which measures the monetary value he places on winning the prize. If a bidder with
type v bids b, his payoff is v — b if he wins and —b if he loses.

Bidder #’s type is assumed to be drawn from a twice continuously differentiable
distribution function F; with support [0,7;], ¢ = 1,2. The distribution function is
assumed to have no mass points and to have strictly positive density, denoted by
fi, everywhere. The assumption that the lower end-point of the support is zero is
deliberate and important. Its implications are discussed in Section 3.

Amann and Leininger (1996, Lemmata 1 — 5) provide an implicit characterization
of equilibrium in this general model.® Both bidders submit strictly positive bids with
probability one (i.e. whenever their type is non-zero) and they both employ pure
strategies that are strictly increasing in type.” The equilibrium is unique (Amann
and Leininger (1996, Theorem 1)).

However, more structure will be imposed on F; and F5 in the current paper, in
order to facilitate comparison with the complete information model. The following
model was first introduced by Kirkegaard (2011). However, he considers F} and F
to be fixed, and instead asks whether the auctioneer would profit from handicapping

SHowever, there are many other ways incomplete information could be modeled. Thus, to be
accurate, this paper merely establishes an environment in which incomplete information leads to
different comparative statics than complete information.

6Technically, Amann and Leininger (1996) assume that 7; = v,. However, none of their results
rely on this assumption.

"Incomplete information purifies the strategies. The working paper compares the strategic
effects of increased asymmetry in the complete and incomplete information models more fully.
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one of the bidders. The comparative statics examined in this paper are thus along a
different dimension.® Assume that

Fi(v)=F (%) L v € 0,7, 2)
where F' is a distribution function with the aforementioned properties on its support,
[0,1]. Let f > 0 denote its density. The example in the introduction fits this model.
Note that the complete information model can be seen as a special case, although F
is of course degenerate in that case.’

For future reference, let

s __

Sl e

denote bidder i’s “scale-adjusted” type. By (2), the two bidders’ scale-adjusted types
have the same distribution. Without loss of generality, assume 7; > v5. The bidders
are symmetric if and only if 7; = U5. The distribution F5 is a “scaled-down” version
of F} if 17 > ¥s; the two distributions have the exact same shape, but are of different
scale to fit onto their respective supports. This can also be seen from the relationship

~—~

FQ(U) = F1 (?U) NONS [0,62].
V2
Note that F} first order stochastically dominates F5 whenever 7; > 75. That is,
bidder 1 is less likely to have a low type than bidder 2; he is perceived to be stronger.
Let E'V; denote the expected value of v;, 2 = 1, 2, and let EVr denote the expected
value of a draw from the distribution function F. Then, substituting the scale-
adjusted type for the actual type (at the second-to-last equality) yields

EV; :/0 v fi(v)dv :/0 U_if (—_) dv :Uz'/o v f(v%)dv® =0 EVe.  (3)

Uj

Thus, for a fized distribution, F, 7; is a natural measure of the (absolute) strength
of bidder i, as evidenced by (2) and (3). Therefore, v; will be used as the basis for
comparative statics. Let

Vs
ri= L
i

8Kirkegaard (2011) is best compared to Fu (2006). The latter finds that the optimal handicap
in a complete information model precisely nullifies the strong bidder’s advantage. In the incomplete
information model, however, Kirkegaard (2011) shows that the weak bidder should be “overcom-
pensated” and thus wins more often than the strong bidder.

9Specifically, in the complete information model, F;(z) = 0 if » <land Fi(x)=11if L= L
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denote bidder i’s relative strength, ¢ = 1,2, ¢ # j. The lower r; is, the stronger
bidder ¢ is compared to bidder j.

Compared to the benchmark model with complete information, the partial overlap
of the supports implies that bidder 2 may happen to have a higher type than bidder
1, even if U; > Uy. However, the probability of this event can be made arbitrarily
small by concentrating most of the probability mass of F' close to 1 (e.g. let F' be
“very convex”). See also the example in the Introduction.

The remainder of this section describes the equilibrium and the expected pay-
ments, for a fixed (7, v2) pair.

2.1 Equilibrium and expected payments

Since strategies are strictly increasing, bidder ¢ with type v must submit the exact
same bid as bidder j with some, possibly different, type, k;;(v), i,j = 1,2, i # j.
Thus, bidder ¢ wins if bidder j’s type is below k;;(v). Since strictly positive bids are
submitted whenever v > 0, it must be the case that k;;(0) = 0. Likewise, k;;(7;) = 7;
must also hold. Otherwise, one bidder would irrationally be submitting bids that are
strictly higher than is required to win with certainty.

Amann and Leininger’s (1996) contribution is to supply an implicit characteri-
zation of the function k;;(v) for all v € [0,7;].!% The function is derived from the
bidders’ first order conditions, which form an autonomous system of differential equa-
tions. The boundary condition is k;;(7;) = 7;. In the present model, however, it is
convenient to express the allocation in terms of the scale-adjusted types. Thus, de-
fine kfj(vs) as the scale-adjusted type of bidder j that bidder ¢ with scale-adjusted
type v* would tie with, v* € [0,1]. Substituting the scale-adjusted type, as in (3),
into Amann and Leininger’s (1996) formula yields the relationship

/1 1@ g0 / g, (4)

kfj(vs) x
for all v* € (0,1]. The details are omitted from the present paper, but they can be
found in Kirkegaard (2011, Section 5).

For a fixed distribution, F, kf;(v°) is determined exclusively by the relative
strength of bidder i, r;. As the purpose of the analysis is to vary 7;, the function will
be written as kj;(v®|r;) whenever the reliance on the relative strength needs to be

wkij can be explicitly characterized only in special cases, such as when F is the uniform
distribution. The implicit characterization I provide here, in (4), is obtained by integrating up
equation (1) in Amann and Leininger (1996), as in their Lemma 6.
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made explicit. As bidder i becomes stronger, or 7; falls, k7;(v°) must strictly increase
to maintain the equality in (4), for any v®* € (0,1). Thus, for a fixed scale-adjusted
type, bidder ¢ wins more often the stronger he is.

If 77 >0y or r; < 1, kjo(v®) > v® for all v* € (0,1). In words, bidder 1 outbids a
higher scale-adjusted type. Consequently, bidder 1’s distribution of bids first order
stochastically dominates that of bidder 2; bidder 1 is less likely to submit low bids.
The same property holds in complete information all-pay auctions. As 7; — o0,
(4) implies that kjy(v®) — 1 for all v* € (0,1). In the limit, bidder 1 wins with
probability one. This is also the case in the complete information all-pay auction.
Lemma 1 summarizes these preliminary results.

Lemma 1 kf; (v®|r;) is strictly decreasing in r; for all v* € (0,1). Asr; — 0,
ki (v*|ri) — 1 for all v* € (0,1), and as r; — oo, kj; (v*|r;) — 0 for all v* € (0,1).

Next, consider the expected bid or expected payment of bidder i, EP;(v;,7;).
There are at least two ways of obtaining E'P;(7;,7;). Amann and Leininger (1996)
use k;; to derive bidding strategies. The expected bid can then be calculated. The
alternative is to use Myerson’s (1981) insight that the allocation in any given mech-
anism permits EP;(v;,7;) to be calculated directly, without first having to deduce
bidding strategies. Kirkegaard (2011) uses the second method to obtain the key
property that EP;(7;,7;) is separable in the bidder’s absolute strength, 7;, and rela-
tive strength, r;.!1 As will be demonstrated shortly, the complete information model
has the same property. Lemma 2 summarizes Kirkegaard’s (2011) results.

Lemma 2 Bidder i’s payment can be written
EP,(v;,v;) =1; x EP®(r;), (5)
where )
EP*(r;) = Ti/o k;; (v°|r;) (1 = F(v%)) f(v*)dv®. (6)
EP? is differentiable in r; and has the property that EP* (1) > 0.

Proof. Here it will be proven only that EP,(v;,7;) is separable, as stated in (5).
Proving the remainder of the Lemma is more involved. For completeness, the Ap-
pendix reproduces the proof in Kirkegaard (2011, Lemma 3).

UTn Kirkegaard (2011), however, the “relative strength” is in part determined by an endogenous
handicap to one of the bidders. Roughly speaking, his comparative statics are based on keeping v;
constant and changing r; in isolation. In the current paper, the point is to vary v;, which has an
indirect effect on r;.



Since a bidder with type zero earns zero rent, it follows from Myerson (1981) that
bidder ’s ex ante expected payment is

prmm) = [ (o= 252 Bl e

[ o 1oF(2) (B Ly (2,
o \Ti f<§> v )it \Ti

Substituting in the scale-adjusted type, v* = =, then yields

1
1—F(v°
Eﬂ@ﬂp—m/'@%n——ﬁQ)F@mwm»ﬂwmu
0 f ()
which takes the form (5). Integration by parts produces (6). =
Before examining the implications of Lemma 2, it is interesting to compare (5)
and its counterpart in the complete information model, (1). The latter can also be
written in a separable form,
EP{(vi, v;) = v; x EP°(rf), (7)
where 7§ = v;/v;, and
r if re <1
(r9)™" otherwise

B r9) = { (®)

Note that EP¢ is not differentiable at r{ = 1, where it peaks. In contrast, EP? is
everywhere differentiable and does not peak at r; = 1. This difference turns out to
be instrumental in explaining the different results in the two models.

Inserting (6) into (5) and recalling that v,r; = v, yield

N[O [

EP,(v;,7;) =1, /0 ki; (0°]r;) (1 = F(v®)) f(v*)dv®. 9)

It is sometimes emphasized that all rents are dissipated in a symmetric complete
information all-pay auction, but not in a symmetric incomplete information all-pay
auction. Bidders earn “information rent” in the latter. Nevertheless, from (9) observe
that if 7, = 7;,

EP;(v;,7;) = % X Ei/o 20°(1 — F(v*)) f(v®)dv®. (10)

Hence, as with complete information, each bidder pays half the expected value of the
second highest type. The difference is that there is no wedge between the highest
and second highest type in a symmetric complete information model.
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3 Comparative Statics
Consider the individual responses to changes in ;.

Proposition 1 EP;(7;,7;) is strictly increasing inv; and non-monotonic inv;, with

OLEP;(vi,v;)

> 0.
v,

[ =vi

Proof. By Lemma 1, k;(v®) is strictly increasing in j, for all v* € (0,1). Equation
(9) then implies that EP;(7;,v;) must be strictly increasing in 7; as well. From (5),

OEL®eT) _ g ppo () L = EPY ().
(%j V;
By Lemma 2, this derivative is strictly positive when evaluated at v; = v,. Atv; = v;,
EP; is strictly increasing in v; and strictly positive. By Lemma 1, kj;(v®) — 0 as
U; — oo. It then follows from the last expression of EP;(7;,7;) in the proof of Lemma
2 that EP;(v;,v;) — 0 as 7; — oo. Hence, EP;(7;,7;) cannot be monotonic in 7;. m

i

EP;

v | vy

< — -

Yy Y
(a) EPf, EP; as functions of v;, ;. (b) EPf, EP; as functions of v;, v;.
Figure 1: Comparative statics in complete and incomplete information models.!?

In a complete information all-pay auction, EPf is increasing in v; as long as
v; < v;. Thereafter, EP is unchanged if v; increases further. In contrast, in an

12Formally, it has not been proven that EP; in general is single-peaked in v;. Figure 1 depicts
actual expected payments when F' is a uniform distribution, in which case E'P; is in fact single-
peaked in T;.



incomplete information contest, E'F; is globally strictly increasing in ;. EPf is non-
monotonic in v;; increasing in v; as long as v; < v;, and decreasing thereafter. While
EP; is also non-monotonic in 7; in an incomplete information contest, it does not
attain its maximum at ¥; = v;. In particular, starting from a point of symmetry,
U; = U;, bidder i actually becomes more aggressive (in expectation) when his rival
becomes marginally stronger, which is precisely the opposite of what happens in the
complete information all-pay auction. Figure 1 illustrates the difference between the
two models. Note the “kinks” in the complete information model. One effect of
incomplete information is to smooth out these kinks.

Since both bidders become more aggressive as one bidder becomes marginally
stronger, starting from symmetry, it is an obvious corollary that total payments
must increase as well.!3 Thus, in contrast to the complete information model, rent
dissipation may be an increasing problem as bidders become asymmetric.'*

To reconcile the differences in the two models’ predictions, note that a change in
the competitive balance may, in principle, have two distinct effects. The first and
most obvious effect is that it may change the allocation. The second, and equally
interesting effect, is that it may impact the amount of rent bidders are able to
appropriate from the contest. However, a key difference between the complete and
incomplete information models is the effectiveness with which the all-pay auction
robs bidders of rent. In the complete information model, bidder 1 earns expected
payoff of v; — v9 when v; > vy. His “participation constraint” is not binding. It
becomes “more slack” as v; grows, meaning that the effectiveness of the all-pay
auction at extracting rent diminishes as bidder 1 grows stronger. This opens a gap
between the all-pay auction and the payment-maximizing mechanism with the same
allocation. An all-pay auction that charges bidder 1 a fee to eliminate his rent would
yield higher expenditures without affecting the allocation, and those expenditures
would be increasing in v .

In comparison, the participation constraints are always binding in the incomplete
information model. This property is due to the deliberate assumption that the lowest
type is zero. Hence, no other mechanism could extract more rent from bidders

3When F is uniform and U = 1, the total expected expenditures attains its maximum at
71 ~ 12.3. In other words, bidder 1 must be at least 12 times as strong as bidder 2 in order
for further increases in 77 to reduce total payments. The working paper contains a more detailed
discussion of large asymmetries.

Baye et al (1993) prove their exclusion principle by utilizing the two properties that in a
complete information model, (1) only the two strongest bidders participate, and (2) revenue is
decreasing in the valuation of the strongest bidder. Parreiras and Rubinchik (2010) prove the first
property does not necessarily hold in the incomplete information model. The results in the current
paper reveals that the second property need not hold either.
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without changing the allocation. Thus, the confounding effect mentioned in the
previous paragraph is absent.!®

Changes in 7, obviously also affect the allocation. These changes can be used to
explain why total expenditures increase when bidder 1 becomes marginally stronger,
starting from a position of symmetry. To do so, it is worthwhile to note that the
change in v; changes bidder 1’s absolute strength and his relative strength, and to
decompose the effects. Since r, = !, total expected payments can be written as

ET(01,02) =01 X EP® (r1) 4+ 03 x EP* (r'). (11)

Now imagine keeping v; fixed at 7; = vs, but differentiating (11) with respect to r;.
Evaluated at r; = 1, this derivative is zero in the incomplete information model. The
interpretation is that, starting from symmetry, a small change in the relative strength
of the bidders has no first order effect. In words, bidder 2’s expected payment
increases when he becomes relatively weaker, but that is precisely offset by the
decrease in bidder 1’s expected payments that is attributable to his increased relative
strength.'® Thus, when 7, increases marginally, starting from 7; = s, it is only the
change in bidder 1’s absolute strength that is important. Total expected expenditures
thus increase because bidder 1’s willingness to pay is higher.

These observations can be used to understand other comparative statics that
can also be meaningfully employed to shed light on the consequences of increased
asymmetry. For instance, Konrad (2009) considers a complete information Tullock
contest in which v; = v+d and v = v—d, d € [0,v]|. Applied to the all-pay auction,
it is easy to see that total expenditures in the complete information model is strictly
decreasing in d. However, this is not the case in the incomplete information model.

Proposition 2 Consider the incomplete information model and assume that v; =
U+d, vy =7—d, de[0,0]. Then, small asymmetries are irrelevant, or

OET (U +d, v —d)

=0.
od |d=0

15However, it is conceivable that the incomplete information model would yield similar compar-
ative statics to the complete information model if the lowest type in the support is sufficiently high.
A related literature on auctions with small asymmetries show that total expenditures must increase
if one bidder becomes marginally stronger, starting from symmetry; see Fibich et al (2004) and Le-
brun (2009). However, that literature is silent on individual expenditures and technically assumes
that the support of F; and F» are the same. It is also explicitly assumed that the participation
constraint is binding for both bidders, which necessitates that the lowest type is zero.

16Bidder 2’s diminished relative strength can be compared to a handicap. As in Kirkegaard
(2011), a handicap spurs the bidder to compensate by becoming more aggressive; see Lemma 2.
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Proof. The Proposition follows directly from

_ _ . s(V—d _ s(Uv+d
ET(v+d,v—d)=(v+d) x EP <E—|—d>+(v d) x EP (E—d)

—vx | EP® ?_d + EpS ?er +d( EP? ?_d _ EP® ?er ,
v+ d v—d v+d v—d

given that the term in the first parenthesis has a stationary point at d = 0 and the
term in the second parenthesis is zero at d = 0. m

Once again, the “kinks” in the complete information model cause small changes
to have large effects. In the incomplete information model, it has already been
demonstrated that there are no first order effects of small changes in relative strength
levels. The effects of the changes in the absolute strength of the two bidders exactly
cancel out, at d = 0. In this sense, small asymmetries are inconsequential.

4 Concluding remarks

The dominant assumption in the rent seeking literature is that information is com-
plete. Among the advantages of such models are their analytical simplicity. Although
the assumption of incomplete information is almost certainly more realistic, it is a
challenge to build a tractable model which allows comparative statics. Such a model
is presented in this paper. The model features a one-variable measure of strength,
which means that comparative statics in the two models can easily be compared.

The comparative statics are qualitatively different when incomplete information
is present. Indeed, in this model, any amount of incomplete information changes the
conclusions. The main result is that ex ante asymmetries may make both contestants
more aggressive and thus cause more rent to be dissipated in the pursuit of the prize,
contrary to the conclusion that obtains in a complete information model. Thus,
asymmetry does not necessarily dampen competition.
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Appendix: Proof of the last part of Lemma 2

Equation (4) reveals how k;; depends on r;

Ohy(v%) / 1
or; ks v®)

and it follows that

OEP:(ry) (', s o 718
) /Ok;ij(v)(l—F(v )£ (0")dv (12)

- fre-ren (g [ )

For notational simplicity, subscripts will be suppressed from now on. From (4),

) s
Ty )

meaning that (12) can be written

OEP) _ / B (0") (1~ F(0") f(0")dv* / V(1= Fat)g(o)ds  (19)

o) =) [ 1

o) = st = e [ 10 s [T EW g
= v [ Dar s [T ED g,

since L’Hopital’s rule can be used to show that k*(y) fyl f(z)/zdx converges to zero as
y converges to zero. Let D(r) denote the last term in (12) or (13). Using integration
by parts,

where

The antiderivative of g is

D(r) = / V(1= F(o"))g(o")du® = / (") (0 F (") — (1 — F(u?))) do®
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D(r) = /01 K (v%)0® /1 @dmf(vs)dvs—/ol k&(w)a—F(vS))/U: @dm@s

+[f(Awﬁgiﬂ@¢0(ﬁﬂﬁ>—ﬂ—ﬁﬂﬂwdf

Rearranging yields

2D(r) + A(r) = /0 E* (v®)v® /S @dm]‘"(vs)dvS +/0 E*(v*)(1 — F(v*)) f(v*)dv®,

where integration by parts was used to obtain the last part on the right hand side
and where

Ar) = /O R (1 — F(o*)) / 1 @dl« (1 - lefs(g);j») dv'.

D(r) = % (/01 k(0" )" /l @dxf(w)dvs + /01 F (o)) (1 — F(u*))f (v")do* — A(r)> |

Inserting this back into (12) yields

(Aﬁﬂwxl—Fwﬂv< ot = [ e [ LD s+ ai)
(/Ok;S(S ( /lff)d> dv+A()>
(o ([ ] 8 ).

Note that the first term is strictly positive. If r = 1 then k*(v®) = v°. Thus, A(1) =0
and so EP;'(1) >0. W

OEP;(r)
or

1
2
1
2
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