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Abstract

Capacity constraints often bind in network industries such as electricity markets and hot spot
markets, and investment becomes most valuable in these markets. Equilibrium characterization
with binding capacity constraints is particularly important in these industries in which uncer-
tainty and time-to-build constraints play a key role in determining investment behavior. We
study a dynamic Cournot game with capacity accumulation under demand uncertainty, in which
the investment is divisible, irreversible, and productive with a lag. We characterize equilibrium
investments under open-loop, Markov perfect and closed-loop information structures. Contrary
to what is established in the deterministic games literature, we find that firms may invest at a
higher level in the open-loop equilibrium than in the closed-loop Nash equilibrium. The rankings
of the investment levels obtained in three equilibria depend on the initial capacities and on the
degree of asymmetry.

Key Words: Capacity Investment, Dynamic Game, Open-loop Equilibrium, Markov perfect
Equilibrium, Closed-loop Equilibrium.

1 Introduction

In many industries capital or capacity investments are made under uncertainty. Uncertainty may
stem from the nature of production characteristics, demand, cost and macroeconomic conditions.
Some uncertainties are industry specific and the degree of uncertainty may vary from industry to
industry. Production capacity investments under uncertainty have been studied extensively in the
literature. The recent studies revisit and extend the early contributions to incorporate different
demand models and behavioral assumptions to study the new capital intensive markets including,
e.g., restructured electric power generation, natural gas transportation, ethanol, and hot spot in-
dustries. The main objectives of these articles are to provide insights for equilibrium investment
behavior, entry-exit decisions and explain policy relevant topics such as effects of mergers, the role
of excess market capacity on market power and price caps on equilibrium predictions. However, the
capacity competition over time, in which capacity is subject to a time-to-build constraint and firms
face demand uncertainties over time, has not been adequately analyzed.! In particular, how firms
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!Time-to-build decision is empirically observable. Koeva (2000) measures average time-to-build in some industries
and finds that it ranges from 13 to 86 months.



would adjust their incremental capacity investments over time under different behavioral assump-
tions (precommitment versus no commitment, or open-loop versus Markov perfect or closed-loop)
is an important question to be investigated. For example, in the electricity production industry
competing power generation firms can invest incrementally in some technologies under demand un-
certainty either using some precommitment policies or using some state-dependent policies.

We study a two-period duopoly game with capacity accumulation under demand uncertainty.
Investment is not productive instantly, and there is a lag between investment and production. We
characterize and compare open-loop, Markov perfect and closed-loop Nash equilibrium investments.
There is a significant literature in dynamic games focusing on the comparison of closed-loop and
open-loop strategies.? In the capacity expansion literature, to which this article naturally belongs,
it has been established in Reynolds (1987), in an infinite horizon differential game, that Markov
strategies increase competition, i.e., Markov-perfect equilibrium investments exceed the open-loop
ones. The same qualitative result has been obtained in different articles (and topics), e.g., Dockner
(1992), Driskill and McCafferty (1989), Long et al. (1999), and Driskill (2001), whereas other articles
find that Markov behavior softens competition (see, e.g., van der Ploeg and de Zeeuw (1990), Melese
and Michel (1991), Piga (1998), Figuiéres (2002)). In a model where investment is reversible (a
crucial assumption), Figuiéres (2009) shows that these contradictory findings are related to the
concept of strategic substitutability and complementarity. A common feature in this literature is
that the model is deterministic. Some recent papers, such as Genc et al. (2007) and Garcia and
Stacchetti (forthcoming), studied capacity investment games under various assumptions including
demand uncertainty. However, these articles do not focus on the role of uncertainty on the different
equilibrium types (or information structures), nor do they explicitly study the role of state variables
on equilibrium predictions. A common feature in this literature is that the models are deterministic.
Because of its analytical tractability many models on capacity accumulation games assume a linear-
quadratic (LQ) framework in optimization settings without uncertainty and capacity constraints.
They analyze the commitment value of capital investments. We, however, examine a more realistic
model taking into account of uncertainty, capacity constraints and time-to-build constraints, and
find that strategic considerations may not lead to larger market shares.

We compare open-loop and closed-loop equilibria due to two reasons. First, the difference be-
tween closed-loop and open-loop outcomes represents the strategic effect. Second, this comparison
has been common in the literature, and is not only suitable as a technical exercise, but also becomes
an interesting question for mechanism and auction designers. Precommitting to an investment pro-
file (open-loop concept) could be an optimum strategy for a firm if its rival chooses its investment
strategy at the outset of the game. Similar to the open-loop concept, in wholesale electricity markets
electricity traders regularly employ fixed-mix investment strategies for power portfolio optimization
(see Sen et al. (2006)) in which short or long positions are guided by a fixed proportion of the
difference between expected demand and expected production capacity. We will use the open-loop
concept as a benchmark case to differentiate the strategic value of investment that is observed under
the closed-loop behavior. Also, we note that open-loop equilibria can be used in a moving-horizon
approach to approximate a closed-loop equilibrium. The principle is simple: At each period t, the
players determine the open-loop Nash-equilibrium strategies for a given T-period planning horizon.
However, only the initial control action is implemented. At period ¢ + 1, the players again com-
pute the equilibrium strategies for the next T' periods, implement the (new) initial action, and so on.
The resulting moving-horizon equilibrium trajectories constitute an approximation of the closed-loop

’Indeed, many papers have dealt with the comparison of open-loop and closed-loop strategies and equilibria in
different areas. See, e.g., Dockner et al. (2000) and Figuiéres (2002, 2009) for capital accumulation games, Kossioris
et al. (2008) and Long et al. (1999) for examples in environmental and resource economics, and Piga (1998) and
Breton et al. (2006) for examples of advertising investments.



equilibrium trajectories that would have been obtained at the outset of the dynamic game. Further,
some studies found that open-loop equilibria have some empirical support. For instance, Haurie and
Zaccour (2004) and Pineau et al. (2011) compared the predicted open-loop equilibrium strategies
to realizations in the European gas market and the Finnish Electricity industry, respectively, and
found that they are close.

We initially start by considering the simplest possible setting, that is a two-stage deterministic
model involving one investment decision. We find that open-loop, Markov perfect and closed-loop
Nash equilibria coincide. This unsurprising result holds because state vectors match at each stage
for all equilibrium types. Departing from this setting by assuming that demand in the second
period is uncertain, allows (i) to show that the three equilibrium concepts do not coincide any
longer; and, interestingly, (ii) to characterize the observed differences in investment strategies in
terms of the differences in initial capacities of the players (or their degree of asymmetry). More
specifically, we find that when firms are symmetric in terms of initial capacities and costs, open-loop
equilibrium investment, that coincides with that of Markov perfect, exceeds closed-loop investments.
The intuition for the result is that due to the binding capacity constraint a player cannot affect
rival output through its investment under both Markov perfect and open-loop equilibria. Under
the closed-loop equilibrium a firm’s output in the following period is increasing in the rival firm’s
investment. This creates collusive-like behavior in which when a firm reduces its investment the rival
also decreases its investment. Hence closed-loop investment levels will be lower than the open-loop
counterparts. Whenever firms are asymmetric and the larger firm does not make any investment
in equilibrium then the small firm’s investment under closed-loop information equilibrium, which
corresponds to the Markov perfect one, is higher than the open-loop counterpart. The reason for
this result is that small firm’s investment is a decreasing function of rival firm’s output under the
closed-loop structure. It invests strategically and preemptively, hence its investment is higher under
the closed-loop structure.

The plan of the rest of the article is as follows. Section 2 introduces the model, and Section 3
states some general results along with the key findings. Section 5 briefly concludes.

2 Model

We study a two-period duopoly game, in which firms produce a homogeneous good. At time ¢t =
0 for a given demand and capacity state vector, firms produce competitively and make capacity
investments under demand uncertainty. The stochastic process we consider is random walk with
two states- upstate and downstate. An investment made at time t = 0 will become productive in
the following period. After the demand uncertainty is revealed at time t = 1, firms make production
decisions simultaneously and independently.

There are two players, {i, —i}. The firms compete over two periods, ¢t = 0, 1. In period 0, inverse
demand is known to be Py(Q) = 1 — @, with @ the total output of the two firms. The stochastic
inverse demand in period 1 is:

| 1+&—Q with probability p
P(Q)= { 1—&—Q with probability 1 —p W

The demand at initial period has two successors with lu, 1d standing for demand shifting up or
down. Denote I;p the investment in the production capacity of player i. Assuming away obsolescence
and taking into account the one-period delay for investment to become productive, the capacity
accumulation dynamics is then given by

K= Ko+ 1. (2)



Each player must satisfy the production capacity constraint at each production node, i.e.,
qit < Kie, t=0,1. (3)

In the sake of keeping the computations as simple as possible, we adopt a quadratic investment cost
function and a linear production cost, i.e.,

F (L) =1/2f I,  Ci(q) = cq,

where f > 0 and ¢ > 0. Assuming profit maximization behavior, each player maximizes expected
discounted payoff with a common discount factor 6 € (0, 1) subject to the above constraints.

3 Investment Dynamics with Time-to-Build and Competition

We report some general results pertaining to production and investment decisions at any time
and demand state. We also show some relationships between output and investment decisions.
These results provide some valuable insights for the characterization of open-loop, Markov perfect
and closed-loop equilibria. Under the open-loop information structure, firms make decisions at the
outset of the game. In the Markov perfect structure strategies are subgame perfect. The closed loop
structure also considers history of decisions, i.e., it is a solution concept with memory.

Consider production decisions at any time. Because of the lag between investment and produc-
tion, the investment decision is independent of the quantity decision at the same period. Each player
chooses production quantities by solving the following problem,

max P; (Q) ¢t — C; (qit)
st., 0< g < K.

Assume symmetric capacities, K;; = K_;; = K;. The solution of the problem produces three
equilibrium candidates: (i) The interior Cournot solution, g = ¢_i = (14 €& —¢)/3; (ii) The corner
solution, ¢;y = q—; = Ky; or (iii) The asymmetric solution with player i producing at full capacity,
git = K and the rival player —i plays its best response strategy ¢_;; = (1 + E—c— K)/2, where
é € {0,¢, —¢}.The following lemma shows that the asymmetric solution is ruled out.

Lemma 1 At any time and demand state, whenever capacities of the players are symmetric, Nash
equilibrium outputs are unique and symmetric.

Proof. See the Appendix. [J
The next lemma shows that it can never occur that a player’s output in downstate 1d exceeds
his production in upstate 1u. Note that the result is independent of production capacities.

Lemma 2 In period 1, q;1q4 < Gilu-

Proof. See the Appendix. [
The following lemma states that if a player invests at period 0, then this player will produce at
full capacity in upstate.

Lemma 3 If I,o > 0, then player i produces at capacity in upstate, g1, = Kij1. Further, if I;g = 0,
then g1y < Ki1.



Proof. See the Appendix. [J
Consider the simplest possible setting of rivalry investment decisions, where demand is known

with certainty (£ = 0). We have the following result.

Proposition 1 In the absence of uncertainty, open-loop, Markov perfect and closed-loop Nash equi-
librium investments coincide.

Proof. See the Appendix. [J

The result holds because the closed-loop, Markov perfect and open-loop Nash equilibrium state
vectors at each stage coincide, and the rollback solution is identical to the forward solution. Al-
ternatively, as the investment cost is sunk for the second period and the effect of investment is to
provide an upper bound for the production level, the equilibria coincide. Note that this result holds
for any given initial production capacities. Further, as one can expect, total industry investment is
lower than the welfare-maximizing level.?

Now consider stochastic demand (€ > 0). The interior Cournot outputs will be ¢§ = (1 — ¢)/3,
q; = (1+&—c¢)/3, and ¢ = (1 —&—c¢)/3 for time zero, upstate and downstate demand, respectively.
These outputs will be useful to characterize equilibrium investments in the following propositions.
Depending on the model parameter values, different cases arise:

Casel : Iip=0 and @14 < Gi1u < K1,
Case 2 : Iip>0 and @14 < Gi1uw = K1,
Case 3 : Ijp >0 and g4 = Gi1w = Ki1-

Case 1 occurs when the player’s initial capacity is high, which happens when initial capacity is
greater than Cournot output in high demand (K0 > (1 + & — ¢)/3). Case 2 occurs (Proposition 2)
when the initial capacity K;g is large so that the capacity constraints do not always bind, but also
low enough that firms have an incentive to invest in capacity ( o > 0). Case 3 occurs (Proposition
3) when the initial capacity is low and total capacity is binding in both states in period 1.

Proposition 2 Assume Ko = K_jo = Ko, and initial capacity is high such that k' < Ky < ¢,
where k' = q5(1 + 0p/f) — 26p&/f. Then, fori=1,2

1. Symmetric open-loop (OL), Markov perfect (MP) and closed-loop (CL) Nash equilibrium in-
vestments are,

IOL:5P(1+§_C—3KZO) _ MP
20

I+ 3dp 0

(5p(1—|-§—c—4Ki0)

6L —
30 f—|-45p

2. Equilibrium quantities at time 1 are given by

cr _ cr_ fKo+op(l+&—c) o 1-E&—c
K~ =

dity,  — F+ 40p y 4i1d — 3
oL or _ fKio+dp(1+E&—c) Mp  on _ 1—&—c  up
G = Kig~= : 7+ 30p =i1lu > 4951d = 3 = 414 -

3Tt is shown in the Appendix that the total investments made in the market will be I;o + I_;0 = 6[2 — 3K, —
2¢]/(f + 36), where Ko = K;o + K_;0. Welfare maximizing efficient investment would be Ip = §[1 — Ko — ¢|/(f + ),
obtained through the solution of the problem

max{/(l —q)dq — cqo — ffg/2 + 5[/(1 —q)dq — cqu] + ao(Ko — qo) + a1 (Ko + Io — q1)}-

Clearly Ip > Lo + I—i0, that is duopoly underinvests relative to the efficient level.



3. Equilibrium profits compare
LOL _ _MP
(2

7

< 7r-CL.

7

4. Asymmetric equilibrium in investment strategies is not possible.
Proof. See the Appendix. [J

Proposition 3 Assume Ko = K_;y = Ko, and initial capacity is low such that 0 < Ko < k", where
k' =q5—20p&/f. Then, fori=1,2

1. Symmetric open-loop, Markov perfect and closed-loop Nash equilibrium investments are,
6 (1 =& —c— 3K+ 2pf)

JOL _ _pup qor_ 01— &~ c— 4K + 2pf)
<0 f—i—36 0 > 30 f+45 .
2. Equilibrium production quantities at time 1 are
©L — ch:KcL:sz'0+5(1+§—C+2pf)
ilu i1ld il f—|—45 )
oL OL _ _MP _ _MP or _ [Kio+6(1+&—c+2pf) MP
Gt = Gi1d = %ite =914 =K = : =8
f+30
3. Equilibrium profits compare
ROk = aMP < 7OL

4. Asymmetric equilibrium in investment strategies is not possible.

Proof. See the Appendix. [

Contrasting Propositions 2 and 3 with Proposition 1 confirms the known conclusion that under
uncertainty the three information structures do not produce the same investments. Further, a
simple comparison of the investment strategies in Proposition 2, as well as in Proposition 3, shows
that IZ%L = I%[ P> IiC L and, therefore, open-loop Nash equilibrium capacity per firm exceeds its
closed-loop Nash equilibrium counterpart. Interestingly, open-loop equilibrium is subgame perfect,
which stems from the binding capacity constraints. Under the closed-loop structure firms, a firm’s
output in the upstate is increasing in the rival firin’s investment. This creates collusive-like behavior
in which when a firm reduces its investment the rival also decreases its investment. Hence closed-
loop investment levels will be lower than the open-loop counterparts. Under the OLNE a firm’s
period zero investment does not have any strategic value because it does not have an impact on its
rival’s period one output choice. Finally, note that under the assumption in Proposition 2, there
is no room for an asymmetric equilibrium in investments strategies. This holds true under all
information structures.

As can be seen from optimal investment expressions in Proposition 2 (and Proposition 3), in-
vestment is a function of demand probabilities. It can be easily shown that investment expressions
are increasing in probability p. When p = 0 investments are zero in Proposition 2 . This implies
that if upstate demand is not likely to unfold, no investment occurs.

For completeness of the analysis of this symmetric game, it is easy to check that if both players
do not invest in capacity (this is the case when initial capacities are large enough to cover the next-
period upstate demand), then open-loop, Markov perfect and closed-loop outputs coincide at each
node, and are given by

1+&—c .
OL MP CL
91w — 91y =  ilu = T, 1=1,2,
1-¢—c¢
OL MP CL .
9i1d — %14 == Y14 = T’ 1=1,2.



Consequently, individual profits are the same under all information structures.

Proposition 4 Assume asymmetric initial capacities, K9 # K_;o, and the capacities satisfy k <
Ko < q; < K_jo, where k = q5—0p§/ f. Then, the asymmetric OLNE, MPE and CLNE investments
are given by

Sp[l + € — ¢ — 3Kyq] p[l + & — ¢ — 2Ky '
I == —rasy 0 W =l =T, e=0=1% =10
Further,
PL <t =T

—1 -1

Proof. See the Appendix. [J

In this proposition, duopolists start with different initial capacities and in equilibrium one
duopolist makes positive investment and the other does not. Facing a rival firm with large ca-
pacity, a player will invest less and realize lower profit in OLNE than in MPE (or CLNE). The
MPE capacity for firm i exceeds its OLNE. Note that, player ¢ produces at full capacity in the
upstate and player —¢ produces less than his capacity.

4 Conclusions

Capacity constraints often bind in network industries such as electricity markets and hot spot mar-
kets. Hence equilibrium characterization with binding capacity constraints becomes an important
issue in competition settings in which uncertainty and time-to-build constraint play a key role in
determining investment behavior. Our main contribution is to offer equilibrium characterization
under different solution concepts (open-loop, Markov perfect, closed-loop) in the presence of un-
certainty, capacity constraints, and the time-to-build. In our model firm capacities are endogenous
and constraining production. Propositions 2 and 3 (and also Proposition 4) show the role of initial
conditions and the degree of asymmetry on equilibrium predictions. In a fully symmetric game (and
equilibrium), Proposition 2 indicates that each player invests more in the open-loop equilibrium
than in its closed-loop counterpart. In Proposition 4, when we assume one firm has higher initial
capacity than the other, and the firm with higher capacity does not make any investment, we find
that the firm with low initial capacity invests and its investment would be higher under closed-loop
information structure than under the open-loop structure. A first conclusion emerges from these
propositions: when comparing investments made by a player under the two different information
structures, our results show that everything can go either way, depending on initial capacity lev-
els and their degree of asymmetry. However, in the deterministic capacity investments literature
(e.g., Reynolds (1987)), it is observed that firms overinvest under the Markov perfect information
structure relative to the open-loop structure. In that literature the intuition is based on “strategic
investment”: a firm’s investment is a decreasing function of the rival’s output, and the investing
firm seizes the rival firm’s capacity expansion. All players behave in the same manner, hence they
overinvest. The second conclusion is that as shown in Proposition 4, player ¢ who makes the strategic
investment is better off by considering the role of its investment on rival player’s output choice and
will realize a higher profit in closed-loop equilibrium than in open-loop one. Therefore, on top of be-
ing conceptually more appealing, this result provides a profit-grounded justification for the adoption
of a state-dependent information structure. However, in terms of welfare, under open-loop behavior
prices are lower and the production quantities are higher, and this benefits consumer surplus.



In this article we made, as in any modeling effort, a restrictive assumption on investment cost,
that is worthwhile relaxing in future investigations to assess its impact on the equilibrium results.
Following many contributions in the literature, we assumed quadratic investment cost. Adding a
linear term, i.e., having a positive marginal cost for zero investment, would surely alter quantitatively
and possibly qualitatively the results. Similarly, the addition of a fixed cost may have an interesting
impact on the investment result obtained here.

APPENDIX
Proof of Lemma 1

Cases emerge depending on whether the capacity is greater or lower than the unconstrained Cournot
equilibrium outputs. If K > (14 & —¢)/3 and player i plays ¢; = K then the best response of player
—iis gy = (1 +& — ¢ — K)/2 by the profit maximization. In that case, P (Q) = (1+&+c¢— K)/2,
and the profit of player i is m; = (1+& —c— K)K /2. However, player i can do better, namely its best
response to player —i strategy ¢—; is ¢f = (1+&—c+ K)/4. Then, P*(Q) = (1+{+3c+ K)/2, and
player i’s profit is 77 = ((1+&—c+K)/4)?. Then, clearly, 7} > 7, if and only if (14+&—c—3K)? > 0,
but this inequality holds because the production constraint must satisfy ¢f = (1+¢—c+K)/4 < K.
Hence, asymmetric outcomes are not part of the equilibrium. If K < (1+¢&—c¢)/3 and player ¢ plays
K then the best response of player —i is K, that is if the capacity K is lower than the symmetric
Cournot level then the capacity constraints must be binding. If capacity K is greater than the
symmetric Cournot outputs then the solution is the interior one. If K is equal to the Cournot
outputs then the interior solution coincides with the corner solution. Therefore depending on the
capacity level, the equilibrium will be unique.

Proof of Lemma 2

There are three possible cases. Case 1: For a player the output in the upstate is greater than the
output in the downstate and for the other player the reverse applies. Case 2: Fach player produces
higher output in the downstate. Case 3, which is the claim of the proposition, that is, each player
produces higher or equal outputs in the upstate than in the downstate. We will show that first two
cases are not possible.

The Lagrangian of the profit maximization problem is

Ly = Ps (Q) qis — C1 (q1s) + Mis (K5 — qis).

The first order conditions (FOC) lead to
Po(Q)+ PL(Q)qis — C] (q1s) — Nis =0, s=1u, 1d, | =i, —i.

Case 1: Assume the supposition ¢;14 > ¢i1q and g—_j1u < g—;14- Then the first inequality implies
Aitd = 0 < Aj1y. Linearity of the inverse demand curve and the convexity of the cost function
together with g;14 > @s14 and Aj1q = 0 < Aj14, imply that the last 3 terms in the LHS of the FOC are
more negative for the upstate than the downstate. So, by FOC we must have Py, (Q) > P14 (Q).
On the other hand, the inequality ¢_;1, < g_;14 implies that A_;1q > A_;1, = 0. Linearity of the
inverse demand curve, the convexity of the cost function along with the inequalities q_;1, < ¢_j14
and A_j1g > A1 = 0, lead to Pi, (Q) < P1g(Q) by the FOC. These inequalities of price ranking
is obviously a contradiction. Therefore, it cannot happen that one player produces higher output in
the one state and the other produces higher output in the another state.



Case 2: Assume the supposition ¢4 < @14, | = i, —i. Then clearly @1, < Q14 must hold. Also

Ai1d = Aite = 0 satisfies. By the properties of inverse demand and cost function and the supposition,
the FOC results in

Py, (Q) = _P{u (Q) qiu + Cl/ (QZlu)
< =P (@) aqua+ Ci (qna) < Pia (Q),

which implies that, due to the linearity of the inverse demand, 1, > Q14 which contradicts to
Q1u < Q14. Therefore, it cannot happen that both players produce higher outputs in the downstate.

Therefore, the result that firms do not produce lower outputs in the upstate than the downstate
follows.

Proof of Lemma 3

Consider the optimization problem of player i in period 0, with the two successor states 1u and 1d.
It is straightforward to verify that the OL Nash equilibrium (OLNE) conditions include

om;
8[,; = —fLio+ Nty + Xitg =0,
om;
3 ~ = Sp[l+ € —2giu — qitu — ¢ — M1 =0,
Gilu
Aitw > 0, Kio + Iip — ¢itu > 0,
0 = Nitu [ Kio+ Lio — Git) ,
or;
3 = 0(1—=p)[1 =& —2¢51a — q—ita — ¢] — Xitg = 0,
qild
Aita = 0, Ko + Lio — ¢i1qa = 0,
0 = XialEKio+ Lio — ¢idl -

For I;p > 0, we have A;j14 + Aitg > 0. We have the following possibilities

Aitu > 0 and  Aj1g >0,
Aitu > 0 and MAj14=0,
Al = 0 and N4> 0.

The last possibility is excluded because only the condition g1, < K;1 = ¢;14 implies this possibility.
But this condition contradicts to the Lemma 2 which proves that g;1, > ¢;14- Hence, in all events
we have \;1, > 0, and from complementarity conditions we must have ¢;1, = Ko + L.

For I;o = 0, we have A\j1y + Aitg = 0.  The nonnegativity of the multipliers implies that
Aity = Aj1g = 0, and hence ¢;1, < K;1 and ¢;14 < K1 because of the first order and complementarity
conditions.

The proof of the result for the Markov perfect and closed-loop Nash equilibria are also similar.

The structure of the proof is available in the following propositions.

Proof of Proposition 1

In this deterministic case, there is only one state in each period and therefore there is no need to
distinguish between periods and states. Consider first the open-loop case. Player ¢ maximizes

Li = qio(1—qio — qjo) — cgio— f I /2+0[qi1 (1 — qi1 — q—i1) — cqi1] + Nio (Kio — qio) + N1 (Ko + Tio — gin ).



At time 0, the first order necessary conditions for production decisions (that are irrelevant of in-
vestment decisions) might yield several possibilities due to capacity constraints. It might produce
interior Cournot solution: g0 = (1 — ¢)/3 implying Ajo = 0. Or, it might lead to one interior one
corner solution: g;o = (1 — K_;jo — ¢)/2 and q_;0 = K_;o, yielding A\jp = 0 and A_;o > 0. Or, both
players are at the capacity: g = Kjo, [ = ¢, —¢ implying Ao > 0 and A_;o0 > 0.

At time 1, the production quantities are the same as the ones above, except the state variable at
that period might change with the possible capacity expansion made in earlier period. The optimum
investment must solve the first order necessary conditions, which imply ;o = Aj1/f. Assuming
positive investments by both firms means A;; > 0, which in turn implies, K;1 + Ijo = ¢;1- The
derivative of the objective function with respect to ¢;1 results in A;; = 0[1 —2¢;1 —q—i1 —¢]. Plugging
this into the investment expression yields

flip = 5[1 — Q(Kio + Iio) — (K_io -+ I_,‘Q) — C],

The OLNE investment will satisfy this equality.
To characterize the Markov perfect equilibrium (MPE) investment levels we solve the problem
backwards and start from the final stage. At time 1, the value function is

vi1 = ¢ (1 — gi1 — q—i1) — cgi1 + A (Ko + Lio — Gin)-

The complementarity condition is, \j1 (K0 + Lio — ¢i1) = 0. Assuming that \;; > 0, we obtain the
corner solution ¢;1 = Kjo + I;p. Next we plug this expression into the value function and write the
value function at time O:

vio = qio(1 — qio — gjo) — cgio — FI5/2 + 6vir (Lin) + Nio(Kio — io)-

Taking the derivative with respect to the investment results in, assuming positive investments by
both firms,

flLio = 68[1 — 2(Ki0 + Lio) — (K—i0o + I—i0) — ¢].

Clearly this expression is the same as the one obtained for OLNE. The computation of the closed-
loop Nash equilibrium (CLNE) will also be same as the Markov perfect equilibrium in this certainty
setting. Hence, investment levels coincide under all equilibrium concepts.

Proof of Proposition 2

First we characterize open-loop Nash equilibrium investments. We write the objective function to
be maximized by firms i = 1, 2,

zio = qio(1 — gio — gjo) — cqio — f I /2 + 6p[giu (1 + € — ity — q—i1u) — CGitu]
+0(1 = p)[gi1a(1 — & — ¢ina — q—i1d) — cgird]
+Xio(Kio — gio) + Nitu(Kio + Lio — Gitu) + Nina(Kio + Lio — ¢i1a)-
Under the assumption k' < Ky < ¢S it is clear that A1, > Ajig = 0. It follows that g1, = Kiiu,
gina = (1 —c—&)/3. In period 1, capacity constraints only bind when demand is high, and the
investment has an impact in the high demand state.

Taking the derivative of the above objective function (z;p) with respect to the investment will
yield to Ijo = (Ai1w + Ni1a)/f , and the multipliers satisfy

ity = Op[l + & — ¢ — 2Gi1y — q—itu] = Op[1 + & — ¢ — 3(Kio + Lio)],
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and \;1q = 0. Then, the OLNE strategy as a function of the model parameters is

opll + & — ¢ — 3K _ 19

JOL _ —
20 f+35p 3 ’

Next we characterize Markov perfect equilibrium investments. Under the assumption ¥’ < Ky <
¢S, investment only benefits in the upstate demand. At time 1 on state lu player ¢ maximizes
Viu = [@itu(1 + € — Gitu — q—itu) — citu] + Nitu(Kitu — Gitu),
where K1, = Lo + K;0. The optimum output will satisfy g;1, = K1, because of the assumption.
At time 1 on state 1d player ¢ maximizes
Viad = [qi1a(1 — € = gita — q—i1d) — cQird] + Ni1a(Kita — Gi1d)-

The optimum output will satisfy ¢;14 < K;q because of the assumption, where K;14 = K1, as up
and down states share the same root/history.
At initial node, player ¢ maximizes

vio = gio(1 — gio — gjo) — gio — f 13/2 + pwin(Kitu, K_i1u) + 6(1 — p)wia(.) + Xio(Kio — gio),

where wiu(Kﬂu, K—ilu) = [(Iz[) + Kio)(l +&—Ip— Kijg— 0 — K_jo — C)] is the profit for player
7 at state 1w in period 1 when it has capacity of K;1, = Lo + K;0 and the rival has the capacity of
K_jy =1 04+ K_jp. Also wiq(.) = qi1a(1 — & — gi1d — q—i1d) — ¢qi1q is the profit for player ¢ at state
1d in period 1. The optimal investment must satisfy the first order condition

Owiy, 0Kty
Lo+ ps —0,
o +p 0K;14 Ol
or

9q—i1u i
—fLio +pd[l + & — ¢ — q—itu — 2Ki1u — Ki1u |=0. (1)

Iqi1u B
—fI_io +pd[l + & —c— gty — 2K _i10 — K_j10, ]=0. (2)

oI
for players ¢ and -¢ respectively.
At time 1 optimality conditions are g1, = Ijo + Ko and ¢_;1, = I_j0 + Ko. Plugging these
outputs into (1) and (2) and driving 6%}7;“ =0= g%‘% at time 1 and solving (1) and (2) we have

—1

I%P _ dp[l + & — ¢ — 3K

i =1,2.
f+3dp

The equilibrium production quantities at time 1 will satisfy ¢1, = (Kj14, K_i14) at the upstate
demand, and 14 = (1 =& —¢)/3, (1 — & — ¢)/3) at the downstate demand. Since Markov perfect
investment coincides with the open-loop one, they will produce the identical outputs and profits.

Next we characterize closed-loop Nash equilibrium (with memory) investments. Players still solve
the problem backwards like they do in the computation of Markov perfect equilibrium. The only
difference is the information structure. Namely, players remember the past decisions and take them
into account of current decisions.

Under the assumption k¥’ < Ky < ¢, investment only benefits in the upstate demand. At time
1 at state lu player ¢ maximizes

Vi = [@itu(1 + & — Gitu — q—itu) — Gitu) + Nitw (Kitu — Gitu),

11



where K1, = Lo + K;0. The optimum output will satisfy g;1, = K14 because of the assumption.
At time 1 at state d player ¢ maximizes

Via = [¢i1a(1 — & — ditd — q—i1d) — c@ina] + Nitd(Kitu — Gi1d)-

The optimum output will satisfy gy1q < K;14 , where K;14 = K14, because of the assumption.
At initial node, player ¢ maximizes

vio = gio(1 — gio — gjo) — cgio — f 130/2 + pwin(Kitu, K_i1u) + (1 — p)wia(.) + Xio(Kio — gio),

where wjy, (Kj1y, K_i1,,) is the profit for player ¢ at state lu in period 1 when it has capacity of
K1y = Iip + Kjo and the rival has the capacity of K_;, = I_j0 + K_jo. Also w;q(.) = ¢1qa(1 — & —
Gitd — 9—i1d) — Cqi1q is the profit for player ¢ at state 1d in period 1. The optimal investment must
satisfy

- Iz =Y,
flio +p53Km 0Ly
or
0q—i1u B
*fIiU +p6{1 + f —C— i1y — 2Ky, — Ky ] =0. (3)
9Gi1u N
—fI_ +p5[1+§_c_Qi1u_2K—iu_K—iu ] =0. (4)

0l

for players ¢ and -¢ respectively.

At time 1 optimality conditions are ¢;1, = lio + Ko and g_;1, = ;0 + Ko. At time 0 both
players can derive the optimality conditions (3) and (4). They observe that these expressions are
symmetric and at period 1 they will produce at the capacity. Therefore, the same investment
level must solve (3) and (4) simultaneously. Hence, period 1 outputs must be identical. That is,

Gitw = Lo+ Ko = q_j1w = I_jp + Ko. And then, 8‘18};“ =1= % must satisfy. Given these

conditions, we solve (3) and (4) to obtain

(5}?[1 +€— C—4K0]

I¢L —
0 f+46p ’

i=1,2.

The equilibrium production quantities at time 1 will satisfy q1, = (K14, K_i14) at the upstate
demand, and ¢q14 = ((1 — & — ¢)/3, (1 — & — ¢)/3) at the downstate demand.

Next we obtain the lower bound of initial capacity, &/, that entails non-binding capacity at the
downstate demand by solving Ko+ ;0 > ¢5. When we insert Ii%L into this inequality, we obtain that
Kio > q5—26¢p/ f. When we insert I,%L into this inequality we obtain Ko > ¢3(1+6p/f) —20&p/ f.
To make the investment levels comparable in these regions we take the maximum of these bounds;

max(qG — 206p/ f, q5(1 +dp/f) —26ép/fl =K'

We now show that W?L > 7riOL. The CLNE and OLNE profits at initial node and node d in
period 1 are clearly the same. Therefore, we need to compare the profits at node u in period 1.
The difference in profits is given by

ot — 7l = A+ B,

where, dropping the player index,
A = _f((IOL)2 o (ICL)Q)/Q _ _f(IOL _ ICL)(IOL _|_IC’L)/27
B = 6p[(Ko+ I°0)(1 4 ¢ — 2(Ko + I°F) —¢) — (Ko + I9F)(1 + € — 2(Ko + I¢0) — o).

12



Because 19F > I¢L| A is negative. If the sign of B is negative, then we are done. Otherwise, we
need to determine the sign of |[A| — B. We have

B = p[(Ko+I°")(1+ ¢ —2(Ko+ I°F) — ¢) — (Ko + I°D) (1 + € — 2(Ko 4 I€Y) — ¢)]
= Op[—2KoI%F + 2K I + 190 (1 + € — 2(Ko + 190) —¢) — I9F(1 4 € — 2(Ko + I°F) — ¢)]
= Op[2Ko(I°F — IOF) 4 (14 & — 2Ky — o) (IOF — 190y — 2 (19F)? + 2 (199)?)
(190 = T9F) (1 4+ € — 4K — ¢) — 2(19F — 190) (197 + 19%))
[

= op(
(190 — 19TY(1 4 € — ¢ — 4Ky — 2(I19F 4+ 1°))].

In the expression 79F — 7¢F = A+ B, we will show that |[A| > B. Indeed,

A|l-B = (19" - ICL)[M —0p(14 € — ¢ — 4Ky — 2(I°F + 19%))]
= (19" - ICL)[(IOL+ICL)(25p+f/2)—5p( +&—c—4Ko)]
(197 = 19N [(1OF + 1°7)(20p + f/2) — TOF(f + 4p)]
(1% — 191" (20p + £/2) = I (26p + [/2)]
= (I°F —1°D2(26p + f/2) > 0.

Hence, 797 — 781 < 0.

Next we show that asymmetric equilibrium in investment strategies is not possible. That is
whenever K;g = Kg = K_;p and investment is positive then I1%L = Ig%, and IZ%L = Ig%. To see
this in the OLNE we look at the investment expression, l;o = A1,/ f , where

ity = 0p[1 + & — 2¢i1u — q—itu] = 0p[1 + & — ¢ — 2(Ko + Lio) — (Ko + I-40)]-
Then, we will have

Spll + €& — e — 3K, — 2IQL — 19F]

gt = :
’ f

o _ Spll + €& — e — 3K, — 219k — I3
—1 f I

which are clearly symmetric expressions and the only solution is Il%L = IJ%L.

In the CLNE at initial node player ¢ maximizes
vio =v — f Iy/2 4 6p[(Ko + Lio)(1 + & — ¢ — 2Ko — Iio — 1)),

where v is the portion of the profit not involving the investment term. Taking the derivative of this
expression with respect to [;p and equating it to zero yield

Sp[l+ & —c— 3Ky — 1¢K]

I
f+26p
Similarly, for player j we obtain
Sp[ll+d—c— 3Ky — IGF]
¢k T = :
f+2p
. . . . . C C
Clearly these best response functions admit a unique symmetric solution. Hence IZ-OL = I_Z%
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Proof of Proposition 3

The proof is similar to the proof of Proposition 2 and is omitted. But we will derive the lower bound of
initial capacity, k”, that entails binding capacity at both upstate demand and the downstate demand
by solving Ko+ Lo < ¢ When we insert IOL into this inequality, we obtain that Ky < ¢5—26&p/f.
When we insert IGF into this inequality we obtain Ky < q¢5(1 + §/f) — 26¢p/f. To make the
investment levels comparable in these regions we take the minimum of these bounds;

min(qg — 26¢p/f, q3(1 +8/f) — 206p/ f] = K"

Proof of Proposition 4

We write the objective function to be maximized by firm 4:

vio = qio(1 — gio — q—io) — cgio — f135/2 + plaita(1 + € — Gitu — G—itu) — CGita] +
(1 —p)lgina(l — € — gita — 9—i1d) — cgird]
+Xio (Kio — gio) + Nitu (Ko + Lio — gitu) + Nita(Kio + Lio — Gina)-

Under the assumption k£ < Ko < ¢ < K_jo, clearly firm —i does not invest at all and firm i
invests and its investment only provides benefits in the upstate demand.

First we characterize open-loop investment strategy. We optimize the above objective function
and obtain that IiO = )\zl/f s and )\il == 5p[1—|—§—c—2qi1u—q_i1u)], where Qilu — K1‘0+IZ'0, and q—ilu =

5[1 —c—3K;
(1+&—c— Kjp— Ijp)/2. Then the OLNE investment will be equal to IZ%L _P [ +2J€ +§ 5 o]
D

Next we characterize Markov perfect equilibrium investments. At the upstate demand ¢;1, =
Ko + Lo, and g1, = (1 +& — ¢ — Kjo — I;p)/2 will hold. At the downstate demand, we have
gina = (1 —& —¢)/3 = q_i14- We plug these expressions into the above objective function and
maximize with respect to I;g for firm ¢. The Markov perfect equilibrium investment strategy will be
equal to IZ-J‘O/[P = POl + & — ¢ = 2Ky

2f + 2pd
to the Markov perfect investment, because ag}# = —1/2, 8‘1”“ = 1, and 8‘711“ = 0. Clearly,
IGL = IMP > 191 holds.

We derive the lower bound of initial capacity, k, that entails binding capacity at the upstate
demand for firm ¢ by solving Ko+ Lo > ¢ When we insert Iz%L into this inequality, we obtain that
Ko > q5—0&p/ f. When we insert IGE into this inequality we obtain Ko > q5(1 —dp/2f) —o&p/ f.
To make the investment levels comparable for firm ¢ under both equilibrium concepts, we take the
maximum of these bounds;

k = max[qj — 6¢p/ f, q5(1 —0p/2f) — 6&p/ f] = qG — 6ép/ f-

We now show that 7riCL > 7TZ-OL. We have

. The closed-loop equilibrium investment level will be identical

nF = T 7 (IG) /24 0pl(Kio + TGN (1 + € = (Ko +I57) = (14 € — e = Ko — I§")/2 = )],
n’t = M- f (13" ) /24 0p(Kio + L") (1 + € = (Kig + I9") — (1 4+ & — ¢ — Kio — I") /2 — o)),

where II is the profit term involving initial node and node d in period 1. The profit difference is
thus given by

7Ol — 7l = f((19F)7 — (19%)?) /2 + 6pl(Ko + IOF) (1 + € — (Ko + I°F) —¢)
—(Ko+ I")(1+ ¢ — (Ko + I9%) — o)) /2.
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Let

A = —f((I9F) = (1)) /2,
B = 0p[(Ko+I7%)(1+¢& = (Ko +1°7) =) = (Ko + I9") (1 + & = (Ko + I7%) — 0))/2.
A is positive because (I9F — T€1)(19F + I€L) < 0 because 1% < I¢F. 1t is easy to check that B

reduces to
B =dp[(I°F = I°M) (1 + &£ — ¢ — 2Ky — (19" + 1°M))).
Now, note that
7oL ¢ = A+ B,
= (IMF = I9M) (%" — 1M (6p/2 + [/2),
which is negative, and hence TI'iO L < TI'iC L

We next show that 7T9ZL < 7T9iL for player —i. Similar to the profit difference for player ¢, the
profit difference for player —¢ under both equilibria boils downs to

7Ok — 7CF — (19F — 1OF)(2 4 26 — 2¢ — 2Ky + I€T — 101,

Note that the investment levels €%, 9T are the investments made by player —i. The difference

is positive because both the first term and the second term on the right hand side are positive.
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