Persistence-Robust Surplus-Lag Granger Causality
Testing

Dietmar Bauer Alex Maynard*
Arsenal Research Department of Economics
Vienna, Austria University of Guelph, ON, Canada

June 29, 2010

Abstract

Previous literature has introduced causality tests with conventional limiting
distributions in I(0)/I(1) vector autoregressive (VAR) models with unknown in-
tegration orders, based on an additional surplus lag in the specification of the
estimated equation, which is not included in the tests. By extending this surplus
lag approach to an infinite order VARX framework, we show that it can provide
a highly persistence-robust Granger causality test that accommodates i.a. sta-
tionary, nonstationary, local-to-unity, long-memory, and certain (unmodelled)
structural break processes in the forcing variables within the context of a single
x2 null limiting distribution.
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1 Introduction

Since its introduction in Granger (1969), tests of Granger noncausality have become
ubiquitous in economics, with recent applications ranging from the relationship be-
tween exchange rates and fundamentals (Engel and West, 2005) to tests for cycles of
violence in the Palestinian-Israeli conflict (Jaeger and Paserman, 2008). Return pre-
dictability tests (e.g. Stambaugh, 1999) are also arguably interpretable as special cases
of causality tests and there is a rich recent econometric literature on causality testing.!

Previous literature has shown that the addition of an untested surplus-lag leads to
flexible inference in I(0)/I(1) VAR models with unknown integration orders (Toda and
Yamamoto, 1995; Dolado and Liitkepohl, 1996; Saikkonen and Liitkepohl, 1996). By
adapting this surplus-lag approach to an infinite order VARX setting, we show that it
provides a Granger causality test that is particularly robust to the degree and nature of
the persistence in the causing variables. The proposed causality test? has the same null
limit distribution regardless of whether the causal variable is I(0), I(1), local-to-unity,
long-memory/fractionally integrated, or subject to breaks in mean. Consequently, no
pre-estimation or pre-test of persistence parameters is required.

These are desirable characteristics for several reasons. The practical difficulties
associated with distinguishing I(1) and I(0) processes are well known. Moreover,
processes with near unit roots may often be better modelled as local-to-unity (Phillips,
1987; Chan, 1988), against which unit root tests are inconsistent by design. Likewise,
structural breaks can be confused with long-memory processes (e.g. Diebold and Inoue,
2001). Thus it can be difficult to determine with confidence the correct model for
persistent data. As Phillips (2003, p. C35) puts it “no one really understands trends,
even though most of us see trends when we look at economic data.”

These distinctions are important to model specification, determining, e.g., whether
a VAR is specified in levels, first-differences or error-correction format. Likewise, struc-
tural breaks require explicit modelling and long-memory processes are not easily ac-
commodated in a VAR setting. Such choices have played an important practical role
in some recent macroeconomic debates (e.g. Christiano et al., 2003). Second stage
inferences can also be sensitive to these choices in both theory (e.g. Elliott, 1998) and

in applications, such as predictability tests (e.g. Stambaugh, 1999).

L(e.g. Dufour and Renault, 1998; Hidalgo, 2000; Hidalgo, 2005; Dufour and Jouini, 2006; Saidi and

Roy, 2008; Dufour et al., 2006; McCracken, 2007; Hong et al., 2009, to list just a few)
2We address only Granger’s version of causality, despite the importance of several other definitions.



Our approach builds on a rich literature, originating in Park and Phillips (1989)
and Sims et al. (1990), who show that parameters that may be expressed as coefficients
on stationary regressors retain a standard root-T normal asymptotic distribution, even
in I(1) systems. Similar results hold in cointegrating systems involving nonstationary
fractional integration (Dolado and Marmol, 2004). The surplus lag approach uses this
result to simplify inference. In the context of unit root testing, Choi (1993) recog-
nized that, with the addition of an extra, unnecessary lag, the autoregressive model
could be rewritten so that all the parameters of interest are expressed as coefficients
on stationary transformations of the data. Thus, at some cost in terms of efficiency,
inference procedures could be simplified via the avoidance of nonstandard distribu-
tions. Toda and Yamamoto (1995), and Dolado and Liitkepohl (1996) showed how
the same surplus lag approach could be applied to provide inference in finite order
vector autoregression, without knowing which components are I(0) and which are I(1).
Saikkonen and Liitkepohl (1996) extended these results to infinite order VARs.

By incorporating an exogenously modelled component, we show that, in the context
of Granger causality testing, the robustness features of the surplus lag approach can
be considerably enhanced to accommodate a richer class of persistent processes for the
forcing variable in the VARX framework, including those with long-memory /fractional
integration or unmodelled structural breaks. Our results are not dependent on knowl-
edge of the correct lag orders. In all cases, we allow for infinite lag orders under
the null hypothesis, approximated by finite order models whose lag lengths increase
with sample size. Thus we also build on the literature on reasonable approximability
(Berk, 1974; Lewis and Reinsel, 1985; Liitkepohl and Saikkonen, 1997), providing some
extensions to allow for exogenous regressors, including those with long-memory.?

Because Granger noncausality places no restriction on the coefficients in the equa-
tion describing the causal variable, a Granger causality test based on a VAR model
can also be re-interpreted in terms of VARX based causality test. Therefore we conjec-
ture that similar robustness results could be established for a causality test based on
the surplus VAR methodology proposed by (Toda and Yamamoto, 1995; Dolado and
Liitkepohl, 1996), despite the misspecification of the equation describing the causal
variable when characterized by long-memory or structural breaks. A formal proof

would require extensions of our results to allow the number of tested coefficients to

3Some related extensions are provided by Poskitt (2007), who establishes autoregressive approxi-

mations to (univariate) non-invertible and stationary long-memory processes.



increase with the lag order for the dependent variable, as required in the VAR setting.
Of course, one advantage of the more general VARX based setting, is that the formu-
lation of the alternative hypothesis is no longer tied to the lag order approximation
for the dependent variable.

The generality of the surplus lag approach is not without cost. Naturally, the extra
unnecessary lag reduces power relative to a correctly specified model. As previous
literature reports, the magnitude of these effects varies considerably. Power losses
are greatest in cointegration tests, in which consistency against O(T~!) alternatives is
lost, but can be far more moderate in other cases. When restricted to the 1(0)/I(1)
context there exist alternative tests, based on error correction (Toda and Phillips,
1993) and fully modified methods (Kitamura and Phillips, 1997)* that are arguably
as general, but more powerful, than the existing results established for the surplus
lag test. However, our results demonstrate that the surplus-lag causality test applies,
without adjustment, to a considerably wider range of processes. This argues for its
usefulness as a robust complement to tests that are more powerful in more restrictive
settings.

A second limitation of our approach is that we allow for long-memory and structural
breaks in the forcing processes but not in the intercepts or error processes for the
dependent variables. The difficulty of weakening this assumption in the time domain
is discussed by Hidalgo (2000; 2005), who provides frequency based non-parametric
causality tests, which allow for covariance stationary long-memory in both.

The remainder of the paper is organized as follows. Sections 2, 3, 4, and 5 present
the model, large sample results, simulations, and an empirical illustration, respectively.
The tables are included at the back of the paper. Proofs, technical lemmas, and details

of the numerical analysis are included in the appendix.

2 The model

We consider tests of the null hypothesis that z1; (k.; X 1) does not Granger cause
v (k, x 1) after controlling for zo; (k,2 x 1).° Using the notation F;, to denote the

information set generated by {z;_;, 7 > 0}, we test the Granger noncausality condition

E [yt|ft—1,(y,zl,z2)’} =E [yt'f;f—l,(y,ZQ)’] . (1)

4Kim and Phillips (2004) extend FM regression, but not causality tests, to fractional cointegration.
SWhile zy; is optional, the results of Dufour and Renault (1998) underline its potential importance.




In practice this hypothesis is often tested by means of parameter restrictions on a
joint VAR involving all three variables. However, in order to allow the forcing variable
z1¢ to exhibit long-memory or structural breaks, we instead model it exogenously,
allowing for a number of alternative DGPs (see Section 3).°

Under the null hypothesis the true joint DGP for w; := [y}, 25,]" will be assumed to

be approximable by a VAR model, i.e. we assume that
wy = Zﬂ'ijt—j + &t (2)
j=1

where (g;)iez is a martingale difference sequence (MDS; for detailed assumptions see

Section 3). Our primary interest lies in the process for y;, which is approximated by

p

Yo =D (Tyiiy + Taajzon ;) + g (3)
j=1

In order to consider linear alternatives to Granger noncausality, we must also include

lags of 21, in the empirical specification. Thus, we estimate the VARX model”

p pz1+1
Yt = Z(d’yj%—j + Yaj200-5) + Z Vo125 + Eytyp (4)
=1 j=1

and test the joint restriction 1,1; = 0 for 1 < j < p,; using a standard Wald test.
The estimated model includes a surplus lag of the forcing variable, z1;_,_,_1, which

is not tested. Its role becomes apparent after reparameterizing (4) as

p P21 Pz1+1
Y = Z(T/)yjyt—j +¢zzj22t—j)+z V215 (216 — 210-pa—1)+ ( Z ¢21j) Z1t—paa -1 Eytp-
j=1 j=1
(5)

When zy; is integrated of order less than 1.5 the parameters restricted under the null

Jj=1

hypothesis (i.e. 1,1; for 1 < j < p,;) are expressed as the coefficients on the covariance
stationary variables z1¢—; — 2z14—p,,—1 (recall that p,; is fixed) and may be shown to
follow a joint normal limiting distribution under suitable conditions.

Our analytic results are carried out under the null hypothesis. We will require p to
increase with 7" in order to ensure that (3) approximates (2). In contrast, p,; > 1 is

necessarily over-specified under the null hypothesis in which all lags of z;; are excluded

6Note, that although exogenously modelled, z;; is not strictly exogenous in a statistical sense.
"When the null hypothesis holds t,; = m,; and th,2; = ;.



from (2). Therefore, we do not require p,; to be either a true value or to grow with
T in order to approximate (2). In fact, because our analytic results pertain only to
test size, we do not specify a true alternative model, but only an empirical alternative
based on an arbitrary, but fixed value of p.;. Of course, the choice of p.; should matter
for test power: larger choices of p,; allow more general alternatives, but may reduce
power against simpler alternatives. Also, p,; need not be set equal to p, the lag order
of w;. In this way, the VARX provides additional flexibility. Even if modelling 2y,
requires many lags, e.g. if z;; has long-memory, it may still be possible to model w;
parsimoniously. Likewise, we require only an extra lag of z1; rather than of (zy;, wy),
improving efficiency, particularly when p is small, but the dimension of w; is large.

In order to rewrite (4) in compact form define y, = [y;_y,..., 4|, 290 =
(2015 -y 23] s Uy 1= Wy oo Wypl, a2 1= (21, agp]s and 2y o= 20,0, 20, ] s
so that ey, = ¥ — Vyy; — Vu225,. We define by z7, = 2;;, the regressors whose co-
efficients ¢,; are to be tested. The remaining regressors, including the surplus lag,
are then grouped together as x5, = [(v; ), (23;)’s (#14—p.,—1)"]'- Thus, the estimated

equation in (4) may be rewritten in single equation form as
Yt = Vo127 + Va2l + gty (6)
where 1, € RFv*P=1k21 and o), € Rbv*(kupthzaptha1) or in stacked form as
Y = Xithgy + Xty + &, (7)

where Y = [ Ypruedds s Yp }/, for pmaz = max{p,p.1 + 1}, and Xy, Xy, and &,
stack zy;, T, and €, , in identical fashion.

Granger noncausality is imposed by Hy : 1,1 = 0. Defining X = X;—Xo( X5 X5) 1 X} X,
with rows denoted by (x;zt)’, we estimate 1y by ¥p1 = Y/ X1 (X],X12)" " and the
variance of vec <¢x1) by Sy = <(X{_2X1'2)—1 ® XA}E> , for 3, = %él’)c‘fp, with the rows

of gp given by élyt,p for &y p =y — V], — @mgxgt.S The Wald test takes the form:

W = vec(te1 ) Soivec(dh) = vec(Y' X))’ ((X;QXM)—1 ® 2;1) vee(Y'X1,).  (8)

3 Large sample robustness results

In this section we show that the Wald statistic W for a test of Granger noncausality in

the surplus lag VARX obeys a standard Chi-squared null limiting distribution under

8Here ® stands for the Kronecker product corresponding to columnwise vectorization.



a variety of assumptions regarding the nature of the persistence in z;,. We first state

the assumptions on the innovation process for the endogenous variables w; in (2):°

Assumption N: The noise (e;)ez is a strictly stationary ergodic martingale differ-
ence sequence adapted to the increasing sequence of sigma algebras F; generated by
€t,Et—1, - - .. Further assume that E{eie}|Fio1} = Eewe, = X > 0, E{er et pete| Fio1} =

Wape (constant) where e;, denotes the a-th coordinate of €;, and E{eii} < 00.

Many of the results presented below may be proved under more general assumptions on
the innovations. In particular, finite fourth moments are often unnecessary. The strict
stationarity assumption may be seen as overly restrictive in many empirical macroeco-
nomic applications. However, it is not easily relaxed in this setting and the above as-
sumptions are standard in infinite order VAR models (Saikkonen and Liitkepohl, 1996,
use similar but stronger assumptions) and provide a single set of assumptions that are
sufficient for most of our results. A second restriction is the assumed conditional ho-
moskedasticity of the innovations. If this restriction were dropped robust standard
errors would be needed. This is not pursued.

Under the null hypothesis we have y; = ey, + Y2075, and hence Y' X5 = & X1,

This motivates the following high level assumptions where f‘1.2 = T71X],X, 4 is used:

Assumption HL: Let p = p(T), let p,1 be a fized integer, and assume that
(i) 3. 5 5.

(ii) D15 2 T1o for some matriz Ty 5 € RE=1p=1xkapa T s Q).

(iii) p(T) is such that T‘l/Qvec(Z:tT:pJrl Eip(279,)) % N(0,T12® %),

From Assumption HL the standard asymptotics for W are immediate from (8).

Theorem 1 Let Assumption HL hold for ey, = yi — Vpoty — Ymxy,. Then, under
Hy : ¢y =0, W it XQ(kypzlkzl)-

We show below that in a multitude of circumstances Assumption HL is fulfilled.

3.1 Infinite Order Stationary VARX

We first extend the approximation results of Lewis and Reinsel (1985) from the VAR
to the VARX model. We employ the following assumptions:!?

9Note that Fi—1,y,.2 = Fy—1 under the null hypothesis.
19We define || - ||2 as the Euclidean norm ||z||, = v/2’x, when applied to the vector z and as the

induced matrix norm maz {||Az||, : z(n x 1), ||z||, = 1} when applied to the m x n matrix A.



Assumption P1:

(i) The noise (€¢)iez fulfills Assumption N.

(i) 352 | Twjll2 < 00 and det m,(2) # 0, for|z| < 1, where m,(2) i= I — 3 72, my 527
(iit) The integer p increases with T such that T3> | ||y jll2 — 0 and p* /T — 0.
(iv) The process (z1;)iez is generated according to the equation

=t Y O+ Y b (9)
=1 =0

where (vy)iez fulfills Assumption N with By, > 0 and is independent of the process

(et)iez- Here 3752, (|16, #5]ll2 < oo is assumed.

Assumptions (ii) and (iii) match those of Lewis and Reinsel (1985, Theorem 2, p.
398). However, the process (214)ez is not modelled endogenously, with the advantage
of allowing the lag order p,; for zy; to vary freely, i.e. it is not tied to the approxi-
mation properties. Also, over-differenced processes are allowed for zy;, as it does not
require a VAR(oc0) representation. The following result extends Theorem 3 of Lewis
and Reinsel (1985) to the VARX framework:

e / / / ! ! / — e / / /
Theorem 2 Letxy, := [y, 4, ... Ytps P15+ s Pt th—pzl—l} and xy, = (241, -+ th—pzl] )

Then Assumption P1 implies Assumption HL.

The theorem shows that when the true process follows a VARX(0o,p.1) the Wald test
statistic can be used as if the true process was a VARX (p,p.1). From the proof it is

clear that in this special case the result also holds without the surplus lag z1:—p,, 1.

3.2 Infinite order I(1) and near-I(1) models

We next consider the near unit root model (Phillips, 1987; Chan, 1988), which approx-
imates well the case in which the largest roots are indistinguishable from, but still less
than, one. This often poses a challenge for inference since, in a local-to-unity model,
the critical values of econometric tests designed for the 1(0)/I(1) framework typically
depend on the value of the localization parameter, which cannot be consistently esti-

mated (see e.g. Elliott (1998)). We will use the following assumptions:

Assumption P2 :
(i) Define Ary = 1 + Cy/T,C, = diag(ci,ca,. .., Chytho—n) and ¢; < 0 for i =



1,...Chy+kup—n- There exists a nonsingular matriz I' = [y,,7],7 € RbFvTk2xn ( <

n < ky + k.o such that the process (vi)iez obtained as (for suitable value wy)

/

vi= ((ow = Aruriwe), (Yw) ) (10)

has an VAR (o) representation Z;’io Ty jUt—j = € where (e¢)ez fulfills Assumption N.
(i) For m(z) := 372 my ;2 we assume det m,(z) # 0, |2 < 1.

(i1i) Summability of the power series: 3 72 j|my jlla < oo.

(iv) The integer p increases with T such that p*/T — 0 and T/? > it 1T jll2 — 0.
(v) Let Ar, .= I+C. /T where C, := Sdiag(c,1,...Cop.,)S ™", i <0 fori=1,... k.,
and S € RF=1%k=1 s nonsingular. The process (21t — A72211-1)tez for some value z1g

fulfills Assumption P1(iv) where additionally 72, jl|[0;, ¢;]ll2 < 0o holds.

Under Assumption P2 v, 21 and 29, are all defined as triangular arrays'! that can
be either stationary, integrated, or near-integrated. Cointegrating relations may exist.
The matrices of largest roots Ar,, and Az, depend on the matrices of local-to-unity
parameters C,, and C, respectively, allowing for a different local-to-unity parameter
(¢; and ¢,;) in each element of 7/ w; and z;;. The matrix S generalizes the diagonal
localization matrix to allow for a rotation of the coordinate system. It is not needed for
C\, since v, already allows for a rotation. The component v'w; is stationary, allowing
for cointegration in w; with cointegration rank n. The no cointegration case (n = 0)
is also included. Cointegration between w; and zy; is allowed for, but not explicitly
modeled. Results for exact unit roots hold when ¢; = ¢,; = 0.

The theorem below shows that W has an asymptotic normal null distribution that

is invariant to both the local-to-unity parameters and the cointegrating rank.

A, / / / ! ! / — e / / /
Theorem 3 Letxy, := [y, 4, .. Yty Bt 1 -+ s Zop Z1tfpz171} and xy, = 21,1, -, thfpzl] )

Then Assumption P2 implies Assumption HL.

In the special case of exact unit roots (C,, = 0, C, = 0) the theorem extends the robust-
ness results of Saikkonen and Liitkepohl (1996) to the VARX model. The asymptotic
normality result in the more general local-to-unity framework is a rare property that

underlines the practical value of the surplus lag method as a robust test.

"For notational simplicity we follow common practice in suppressing the dependence on 7.



3.3 Long-memory forcing variables

Models of fractional integration originating from (Granger and Joyeux, 1980; Hosking,
1981) provide another useful method of spanning the 1(0)/I(1) divide. A variable zy,
is said to be integrated of order d if its fractional difference (1 — L)%z, is 1(0). Thus
values of 0 < d < 1 provide an intermediate between I(0) and I(1) models, in which
shocks do decay, but only at a hyperbolic rate. These slow decay rates have been
found useful for modelling a number of phenomena in economics and finance, such as
volatilities (Baillie, 1996). For d < 0.5, the process fits into a larger class of stationary

long-memory models. d > 0.5 corresponds to nonstationary fractional integration.

3.3.1 Stationary long-memory

Assumption P1 imposed short-memory via the summability assumptions on the MA (o0)

representation of (z1;)eny. We now relax this condition.

Assumption P4 :

(i) Assumption P1, (i) - (iii) hold. Additionally (&;)iez is assumed to be i.i.d.

(ii) The process (z1¢)iez, is generated according to the equation (9), where (v;)ez fulfills
Assumption N and is independent of the process (;)iez. Here ||[0;, ¢;]ll2 < cj®! for
some constant 0 < ¢ < oo and —0.5 < d < 0.5 is assumed.

(iii) p is chosen such that p = o(T*=%%) and Assumption P1(iii) is fulfilled.

Since the squared coefficients for d ~ 0.5,d < 0.5 are just summable, the condi-
tions on the impulse response sequences are close to minimal. Thus, the assumptions
on the exogenous inputs include many long-memory processes, including fractionally
integrated processes and sums of fractionally integrated processes. On the other hand,
we now require an additional condition on p, the number of lags included in the ap-
proximation for 1/3 < d < 1/2 since in this case the estimates of the covariance
sequence, including the cross covariance with lags of 3, and 29, are extremely unre-
liable. In fact, their covariances are of order O(T“¢~2) and hence arbitrarily small
fractions of the sample size are obtained as convergence orders for values close to
d = 0.5. This in turn limits the range of admitted processes via the assumption that
TV/? > iepi1 Imwjlla — 0. In some situations this is not a severe limitation. If the
joint process w; is a VARMA process then any rate of the form p = 7° will fulfill the
approximation restriction and choosing 6 < 1 — 2d the condition on p is met.

In this setting the advantage of the VARX framework is clearly visible. If instead



one modelled the process [y}, z1,, 25, using a VAR(p) then a large p would be required
for a small approximation error €y, — &, due to the slow decay of the coefficients in
the true VAR(oc0) representation. Again it can be shown that Assumption HL holds.

The following result also holds if the surplus lag z1;—,,, -1 is omitted.

O, / / / ! ! / — e / / !
Theorem 4 Letxy, :=[y; 4, .. Yty ot 1 -+ s Zop thfpzlfl} and xy, = 2,1, -+, thfpzl] )

Then Assumption P4 implies Assumption HL.

3.3.2 Nonstationary long-memory

We next establish that the surplus lag test also retains robustness under the following

set of assumptions, which allow for forcing variables with nonstationary long-memory.

Assumption P5 :

(i) Assumption P1, (i) - (iii) hold. Additionally (¢4)iez is assumed to be i.i.d. and
> 2y 3 0l g1l < o0 for some § > 0.

(ii) There exists full column rank matrices 3 € RF=1*(ka1=ea1) gng 3, € RF=1xes1 3'3) =

0 such that for 3 z190 =0

B (216 — 216-1) - L~ TU+d) [ v
- 7t € N7 h it = Lz N 271 s 11
[ 8o, U where v; Z (j)F(di)F(] n 1)04 - (11)

J=0

for —0.5 < d; < 0.5, |lasll2 = 1, limj oo L;(§) = 1, and (v4)sez i.i.d. and independent
of e, with Evy = 0, Ev) > 0 and finite fourth moments.
(7ii) Defining dmax = max(dy,...,dx.,), and dyiy = min(dy,...,d..,), p is chosen

such that p = o (Tmin{l/3,1—2dmax,1/3(1+2dmin)}) and T2 Z;ip—&-l 7w, jl2 — 0.

Type I Nonstationary fractional integration (see Marinucci and Robinson (1999)) in the
forcing variable is allowed for through the hyperbolic rates of decay on () (21, — z11-1),
through (11), which allows for different values of d in each element of 3| z;. The
cointegrating residuals, 3'z;, may be fractionally integrated of order —0.5 < d; < 0.5.
The inclusion of the slowly varying coefficients, L;(j), lends flexibility to the short-
memory dynamics, allowing for models such as the ARFIMA(p,d,q) (see Davidson
and Hashimzade, 2007). The required restrictions on the increase of p as a function
of T are striking. Assumption P4 showed problems for d; close to 0.5 due to the bad
estimates of the covariance sequence. Assumption P5 indicates difficulties for d; near
—0.5, which results from the slow divergence rate of the nonstationary component, with

integration 1 + d; only slightly above 0.5. The borderline case d; = 0.5 has not been

10



analyzed. The next theorem shows that when the forcing variables are fractionally

integrated of order 0.5 < d < 1.5 the null asymptotics remain standard.'?

I — / / / !/ / !/ D / /! /
Theorem 5 Letxy = [Yi_1s- -y Yrops Zoy—1s -+ Zopps ey 1) @A Ty = (21 g5, 2y, ]

Then Assumption P5 implies Assumption HL.

3.4 Structural breaks

We next expand the stationary infinite VARX process to allow for the occurrence of
a fixed number (J) of historical breaks in the intercept of the exogenously modelled
variable zy;, which occur at fixed fractions of the sample size. Although the true data
generating process includes breaks, we do not assume that any breaks are included in
the estimated model. In particular, we wish to avoid any first stage inference regarding
the existence of and/or number of breaks. Breaks in the process for the endogenously
modelled variables w; would have to be explicitly modelled and thus are not considered.
Breaks in the coefficients 1,; governing the impact of xy; on y; are also excluded under

the null hypothesis, under which these coefficients are fixed at zero.

Assumption P6 :

(i) Assumption P1, (i) - (iii) hold. Additionally (&;)iez is assumed to be i.i.d.

(i) Let J be a fized integer denoting the number of breaks. Defining wo := 0 and letting
w; j=1,...,J denote the fraction of the sample spent in regime j with 2}121 wj =1,

the process (z14)iez is generated according to the equation

J 7j—1 7 00 00
D 9271 (8 DO EVELD SR ) FRRD SOVEED wrimw
7=1 k=0 k=1 7=1 7=0

where 1(+) denotes an indicator function |x| denotes the greatest integer less than x,
(Vt)tez fulfills Assumption N with Ev) > 0 and is independent of the process (e¢)iez.-
Here Y37 (|16, ¢5]ll < oo is assumed.

The estimated VARX must either include an intercept or z;; must be demeaned prior

to estimation. It will be convenient to work with deviations from means. Define

12T the special case when the lag length p is known and finite, the validity of the excess lag test
may be partially anticipated by the results of Dolado and Marmol (2004) who generalize the findings
of Sims et al. (1990) to allow for nonstationary fractional integration. However, the above result
appears to be the first to directly establish the validity of the surplus lag method with nonstationary
fractionally integrated regressors. The allowance for unknown and possibly infinite order models

complicates the analysis non-trivially.

11



S = {Pz1 24 10wk Ty 120, wkTJ} as the set of time periods for which

all elements of z;, belong to regime j. Let z, := [ (Iﬂ)/ (x;t)/ ]/ denote the full set
of regressors and define p(j) := E [2;1(t € S;)] and [ := Z}lewju(j) as the mean
within regime j and the average mean across regimes, respectively.

Let /W(f*) denote the value of the Wald statistic introduced earlier when the
original data xz; is replaced by x; — z~. We first show that the infeasible estimator
W (i) has the correct large sample distribution. The result is then easily extended to
the feasible statistic W (z7) in the corollary that follows, the proof of which is omitted.

— . / / / / / / - . !/ / /
Theorem 6 Letxy, = [y;_q,. .. Yty P15 -+ s Pt Z1t—p21—1} and xy; == [Z_1, -, th—pz1] .

Then Assumption P6 implies Assumption HL is satisfied for W (i1).

Corollary Let Assumption P6 hold. Then under Hy : ¢, = 0, w (z7) 4, X2 (kypaikan).

4 Simulation results

Below we conduct a small scale simulation. These complement those of Dolado and
Liitkepohl (1996) and Swanson et al. (2003), who investigate the 1(0)/I(1) cases. We
consider three methods, the Toda and Phillips (1993) approach, based on a vector
error correction model of lag-order p, with pre-tests for unit roots and cointegration
rank (VECM), and two variants of the surplus lag causality test: a VAR(p + 1), in
which only the first p lags are tested (surplus-VAR), and a VARX(p,p,1 + 1) in which
only the first p,; lags of the exogenous component zy; are tested (surplus-VARX).

Table 1 provides a detailed list of the simulation models employed in Tables 2 and
3. In all cases we test the null hypothesis (Hy : § = 0) that z;; does not Granger cause
Yy against 0 # 0. Both test size (6 = 0) and size-adjusted power based on critical value
adjustments (§ # 0) are reported. We consider a broad range of models, including
I(0) [DGP 1], I(1) [DGP 2], cointegrated I(1) [CI(1), DGPs 3-4], near I(1)/local-to-
unity [NI(1), DGP 5], cointegrated near-I(1) [CNI(1), DGP 6-7|, co-structural break
[CB, DGP 8], fractionally integrated [I(d), DGPs 9-10], and co-fractionally integrated
[CI(d)] models. Models 1-8 are based on specializations of

(1= qlaL)(ys, 21¢) = 7r2(0, 1) + Ap(ye—1, 210-1) + C(Ayp—1, Azyy1) +wy,  (12)
while the fractionally integrated DGPs (9-12) are based on
(1—qL)y = Ay, (Y-, thfl)/‘i‘cl,-(Ayt—la Azyg) 4wy, 2= (1- L)_d uge.  (13)
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The error process is specified as
'LL; = (ult,ugt) =&+ Bgt—la 82 ~ 1.i.d. N(O, E), 211 = 222 = 1, 212 = —0.8. (14)

In Table 2 we employ known lag-lengths (p = p = 2, p, = p, = 2) and white noise
errors (B = I3). In Table 3 we allow for infinite values of both p and p, in the true

autoregressive specification, via the vector moving average errors in (14), by setting

—0.3 0.50
B = 0 03 | In order to preserve test size, the lag-length selection is carried

out with the null hypothesis Hy : 6 = 0 imposed. Specifically, for all three tests, p
is selected by the Akaike (AIC) criterion in an autoregression of y; alone. The true
order of p.; is infinite under H,4 : § # 0, but zero under Hy. Therefore it cannot be
estimated by AIC with H, imposed. Instead, we set it to the same fixed, but now
incorrect, value of p,; = 2 # p.1.

Several general findings emerge from Tables 2 and 3. Both surplus lag methods
provide fairly reliable test size over the full range of DGPs, both when the lag length
p is known and when it is estimated. Likewise, the VECM provides appropriate size
in all of the models (DGPs 1-4) for which it was designed, as well as many for which
it was not, most notably the fractionally integrated models (DGPs 9-12). However,
moderate size distortion is observed in the structural break model (DGP 8) and larger
distortions are observed in certain near unit root specifications, particularly DGP 7.

On the other hand, in cases when it has correct size the VECM generally provides
better power. The power loss associated with the surplus lag approaches varies con-
siderably across DGP specifications. As anticipated, it can be severe in cases where
the Granger causality test corresponds to a cointegration test (e.g. DGPs 3 and 12),
whereas it is quite moderate in many of the other cases (e.g. DGPs 1, 5, 9, 10).

It is also interesting to compare the power of the two surplus-lag approaches. The
tests differ in two main ways. First, when the number of lags tested in both models
are the same (p,; = p), the VARX variant may be expected to have more power since
it employs only an extra lag of z;;, whereas the VAR employs an extra lag of (y;, 21¢)’.
This is observed in Table 2, in which the power of the surplus-VARX is always as good
as and often much better than that of the surplus-VAR. On the other hand, when
P # P.1 the two methods test a different number of lags and depending on the form of
the alternative this effect can favor either test. In the tests of Table 3, we generally
observed p > p,; and since the true model is infinite this effect tends to favor the

surplus VAR. As a result of these two competing effects the power comparison now
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varies across DGPs, with no clear overall choice between the two.

5 Empirical Illustration

As empirical illustration we test the forward rate unbiasedness hypothesis in a VAR
setting. We denote by s;, fi+, fpit = fir—5it, and T, = AS; 1— [pii—1 the log spot and
forward exchange rates with respect to the US Dollar, the forward premium and the
excess return to holding foreign currency, respectively. Here ¢ = 1,2 denote the British
Pound ($/£) and German Mark ($/DM), respectively. The forward rate unbiasedness
hypothesis E[s; ¢|Fi—1] = fi+—1, a risk neutral market efficiency condition, implies that
there are no expected excess returns to holding foreign currency: E[rf,[F,_1] = 0. An
immediate implication is that the forward premium does not Granger cause the excess
return, i.e. B[rf,|r1 ] = E[r§ | Fie1gprey] = 0.7 Rejections of these hypotheses
underly the forward premium anomaly, a major puzzle in international finance (see
Engel, 1996, for a survey).

The forward premium is highly persistent and there has been debate as to whether
it is best modelled via a root near unity (Crowder, 1994), long-memory (Baillie and
Bollerslev, 1994; Maynard and Phillips, 2001), or structural breaks (Choi and Zivot,
2007). Consequently, Bekaert and Hodrick (2001) perform a calibrated small sample
simulation and report over-rejections of VAR based Wald tests of unbiasedness. Sim-
ilar concerns have been expressed in a regression based tests of unbiasedness (Baillie
and Bollerslev, 2000; Maynard and Phillips, 2001). To ensure reliable inference, a per-
sistence robust test may therefore be required. While robust predictive tests, such
as sign tests, have been applied in a simple bivariate regression based tests (e.g.
Maynard, 2006), few methods exist for addressing this problem in the VAR-type frame-
works. Below we apply the surplus-lag VARX test to address this problem.

Defining y; = (r{;,75,) and z1; = (fp1s, fp2,)’, we test the hypothesis that 21, does
not Granger cause y; using 322 end-of-month observations from June, 1973 to March,
2000. We select p by AIC in a VAR of y; alone (enforcing Hy) and set p,; = 2
exactly as in Table 3. This yields p = 0, which precludes a standard VAR based test.
However, using values of p = 1 and p = 2, the causality test based on a standard
VAR (without surplus lag) yields p-values of 0.0004 and 0.0054 respectively. This is

13Here we use the definition of JF; , given directly above (1). Section A.2 of the appendix discusses

in more detail the relationship the unbiasedness and Granger non-causality hypotheses.
14See Maynard (2006) for further details on the data.
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strong rejection of unbiasedness. Nonetheless, given the discussion above, its validity
could be questioned. Employing the surplus-VARX(p = 0,p,; + 1 = 3), in which only
P.1 = 2 lags are tested!® we obtain a larger, but still significant, p-value of 0.0103.
This provides a more definitive rejection, whose significance cannot be question based

on the persistence of the causal variable.
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A Additional details of the numerical analysis

A.1 Further explanation of the Monte Carlo DGPs

Here we provide further explanation and detail on the DGPs described in Table 1 and
equations (12) and (13).

The first four DGPs represent the 1(0), I(1) and cointegrated I(1) models. DGP 1
is a stationary VAR(1) in the levels of the data, in which both y; and zy; are I1(0):

Yt 05 ¢ Yi—1
21t 03 05 Z1t—1
DGP2 is a difference VAR in which both y; and 21, are I(1) and there are no cointe-

grating vectors:'%

+

e ] . IDGP 1]

Uy

Ay,
Azyy

Ay,
Azipq

Jos5 g
103 05

+ [ e ] . [DGP 2]

U

DGPs 3 and 4 are both based on vector error correction models (VECMs), in which
y; and 2y, are I(1) and cointegrated. In DGP 3 the causality is due to the presence of

cointegration under the alternative

-1 _ 05 0
= 1o-oss || s
1 21,t—1 0.3 0.5

whereas in DGP 4 the causality instead results from the coefficient on the lagged first

Ay,
Az

Ayt—1
Az

+ [”” ] . [DGP 3]

Uat

differences:
A 0 _ 0.5 0.56 Ay,
Yt _ [ 1 1 } Yt—1 n Yt—1 I Ut DGP 4]
Ath 1 21t—1 0.3 0.5 Athfl Ut

DGPs 5-7 all represent models with near unit root models, in which we define ¢ < 0
as the local-to-unity coefficient and az = 1+ ¢/T. In DGP 5 (y, 2z1;) are modelled as

non-cointegrated near unit roots:

| ar—1 0 Y1 N 05 ¢
0 CLT—l Z1t—1 0.3 0.5

16Tn order to provide a basis of comparison to the previous literature, we choose the parameters of

Ay,
Azyy

Ay
Azipq

+[““]. IDGP 5]

Uo¢

this model to match a special case of the simulations in Dolado and Liitkepohl (1996).
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In DGPs 6-7, we allow for cointegration between near unit roots. In DGP 6:

. ar — 1 0 Yi—1 X 0.5 0.5
ar -1 Z1¢-1 0.3 0.5
(yt, 21¢) have cointegrating vector (1,—1) and zy; adjusts to restore long-run equilib-

rium. In DGP 7, specified by,
Yt—1 X
21t—1

it is y; that performs this adjustment and therefore the alternative hypothesis defines

Ay,
Az

Ayy
Azipq

Uyt

] [DGP 6]

U2t

Ay,
Az

05 0
0.3 0.5

Ay
Az

. -1 O.5CLT5
|0 ¢T

+ [””], [DGP 7]

U2

cointegration between y; and z1;. Both DGP 6 and 7 are specializations of (Elliott
1998, eq. 2).

DGP 8 is a stationary model with a four standard deviation structural break to
the intercept for z1; in the middle of the sample. Under the null hypothesis, the break
effects only zy;,. Under the alternative hypothesis, it also implies a break in the mean
value of yy;. Therefore, in this case, the causality test has the interpretation of a test

for co-breaking. Specifically it is specified as:
0 0.5 0.46 _
Y = Ty + Yi—1 . Ut
21t 1 0.3 0.5 Z1t—1 Ut
try = 2—4x1(t <T/2). [DGP §]
In DGPs 9-12 zy; is fractionally integrated of order d and modelled as:
= (1—1L) " uy (A1)
for d = 0.4 and d = 0.8. We consider two models. In DGPs 9 and 10 we employ
Ay, = 0.5Ay_1 + 0Az1—1 + uyy, [DGPs 9 and 10]

in which y; is I(1) under both the null and alternative. Because z1; is I(d) for d < 1,
y; and z; cannot cointegrate even under the alternative hypothesis. We set d = 0.4
(stationary case) in DGP 9 and d = 0.8 (nonstationary case) in DGP 10. Finally, in
DGPs 11-12 we employ

in which y; is I(0) under Hy and I(d) and cointegrated with z;; (with cointegrating
vector (1,—0d)) under the alternative. In DGP 11, d = 0.4 and b = 1. In DGP 12,
d=0.8 and b = 0.5.
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A.2 Further details relating to the empirical illustration

Here we detail the relationship between the forward rate unbiasedness hypothesis and
the Granger causality test employed in the empirical illustration. The forward rate
unbiasedness hypothesis, given by'” E[s;|F;_1] = f;_1 also implies that the lagged
forward premium (fp,_1 = fi—1 — s;—1) provides an unbiased forecast of the spot

return

E[Asy| Fir] = fpi-1. (A.2)
In practice, (A.2) is often tested by Hy : #; = 1 in a regression of
st — St—1 = Po+ Bifpi-1+ & (A.3)

as in Fama (1984) or by an equivalent restriction in a larger VAR model as in Bekaert
and Hodrick (2001), in which lags of As; are included but not tested. For example, in
the simplest case, a VAR(1) in y; = (Asy, fp;) would be specified as

ASt

€1t
A4
It * [ €ot ] ( )

with the hypothesis Hy : Ao = 1 tested. These are the most common forms in which

All A12
A21 A22

Asy_y
i1

the hypothesis has been tested. However, (A.2) is equivalent to the non-predictability
of the excess return defined by ry = As; — fpi—1

E[r{|Fi—1] = 0. (A.5)
Likewise (A.3) can be re-expressed as
Ty = 0o+ a1 fpi-1 + & (A.6)

where g = 1 — 3, and Hp : ;3 = 0 in (A.6) is equivalent to Hy : f; = 1 in (A.3).
Similarly, we may transform (A.4) into a VAR(2) in (r{, fp:)":

Ty T
= +
[ I ] IPi1 ]

where 21}2 = Ay — 1 and in which Hj : Elg = 0 implies that fp, does not Granger

0 Ap
0 O

All Zl2
A21 A22

Ti_o
fpi—2

+

“1t ] (A7)

€2t

cause ¢ in a VAR(2). This hypothesis may also be tested more parsimoniously using
a VARX(1,2).

1"Here we use the definition of F; . given directly above (1) and denote Fis,5) by Ft-
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While this is just a special case, the noncausality restriction is also a theoretical

restriction. By the law of iterated expectations, (A.5) implies both

Elr{|Fizi(fprey] = 0, and (A.8)
Elri|Fiapml = 0, (A.9)

the latter being a condition that is closer to what is actually tested in practice by
(A.6). Then a joint implication of (A.8) and (A.9) is that fp; does not Granger cause
Ty

E[ri | Fi(rprey] = BlrilFeor sl (A.10)

which matches (1) when setting y, = r{ and 2y, = fp; and omitting 2.

B Technical lemmas

Lemma 1 Let w, = Z;’io Gu,jE1—j where (€;)ez is an i.i.d. sequence of random vari-
ables having zero mean and finite fourth moments. Let 4; = T~! ZtT:1+p wyw;_; and
;= Bwaw,_;. Assume that ¢y, ; = O(j*") where —0.5 < d < 0.5. Then:

o(T%2) | for 0.25<d<0.5
Evec(d; — B4, )vec(Ar — EAr) = ¢ O(T 'logT) d=0.25,
O , —05<d<025

All O(.) terms hold uniformly in 1 < j,k <pand1 <p<T.

Proof: We employ Theorem 1, 3 and 5 of Hosking (1996). However, these results
apply to fixed lags, whereas we require expressions uniformly in the lag. First note
that using Q := Ee.e} we have for some constant 0 < K < oo not depending on j € Z
and for 0 < d < 1/2

illz = 11 $uiQiille < C Y Nl duillalluwi-slla < K52
i=j i=j
since [|Qlz < C,||¢willa < Cri?™t for some K < oo (using Lemma 3a of Palma and
Zevallos (2004) with b=1—d). For —1/2 < d < 0 we obtain [|v;]|2 < Kj! for every
€ > 0. The vector case is only notationally more complex and hence we only show the
result for the case of scalar w;. Then we obtain

T

A A -2
E%"Yk =T g Ewt+jwtwsws+k.
t,s=1+p
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Note that Ew,wsw,wo = Y-V + YeerVs + VeYs—r + Fa(t, s,7) for

/i4(t,3,7”) = Z stw,a—i—tgzsw,a—s—sgbw,a-l-rgbw,a(]Egjt1 - 3(E63)2>

a=—00

where for notational simplicity ¢, = 0,a < 0 is used. It follows that Ewj < M, < oo

since [|¢y, ,[l2 = O(a**) = o(a™?). Next

T T
T Z Ewyjwwsws iy, = T2 Z ViVt Ve—stiVe—s—kFVirjos—kVi—sHRa(t—s, t—5+], k).
t,s=1+p t,s=14+p

(A.11)
The first term is equal to (T — p)*T?v;7 = E4;E4 independent of the value of d.
The derivation of the bounds for the remaining terms in (A.11) will be done separately
for the different cases for d. First consider 0.25 < d < 0.5. The last term in (A.11) is
majorized by the first term in (A.2) of Hosking (1996) and hence can be bounded by
My T~ 174 where My, is the fourth cumulant of &,. In fact this holds for any d < 0.5.

The two middle terms can be dealt with using ||y;]]» < K1??~! as shown above:

T—1-p

T
- _ T—1\ll—p
T Z Vt—s+jVt—s—k < T ! Z |71+j71—k|%
t,s=1+p I=1-T+p
T—1-p 2 1y 1/2
< ( S %aj) ( S m)
I=1-T+p I=1-T+p
and for j > 0, using Lemma 3.2. (i) of Chan and Palma (1998), we have
T-1-p T—1+2j—p T—1+j—p
Z Ty < Z V= Z =0T —p+j)"h=0(T""").
I=1-T+p I=1-T+p l=1-T—j+p

This holds for 0.25 < d < 0.5 For d = 0.25 the same argument shows the bound
O(logT) (cf. Hosking, 1996, top of p. 278). For j < 0 the analogous argument can
be used extending the sum to the negative integers. Combining these expressions we
obtain E4;4x — EA;E4, = A; . where E|A; | < MT42 for 0.25 < d < 0.5.

For d = 0.25 the same bound on the last term in (A.11) applies as for 0.25 < d <
0.5. Further E|A; ;| < M(logT)/T for d = 0.25 by standard summability arguments
showing that Z;F:lj_l = O(TlogT) (see e.g. Hosking, 1996, top of p. 278). This
shows the claim for d = 0.25.

For d < 0.25 it follows that the middle two terms are of order O(T~!) independent of
J. k,p. Hence E|A; x| < M/T for d < 0.25. All bounds hold uniformly in 1 < j,k <p
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and 1 <p<T. [
Inspecting the proof it follows that it also applies (with d = 0) to linear processes
vy = D20 by iy where (g4)sez fulfills Assumption N if Y322 {16, ;]2 < oo.

Lemma 2 Let (g)iez fulfill Assumption N. Let vip = 32220 bpjcej,t € Z,p € N,
Then if sup,cy Z;io |6p.j|I3 < o0 it follows that SUPen Ellvg |5 < oo.

Proof: The proof for the multivariate case is only notationally more complex, hence
only the univariate case will be dealt with. Then Ev}, = 3(Ev7,)* + k4, (sce e.g.
the proof of Lemma 1 given above). Next since Evf, = > 27 ¢7 /Ee; it follows that

sup,cy Ev7, < oo. Further

o0 [e.9] 2
_ 4 4 4 2
fap =) bp,Bet <Ef (Y ap; ) -
7=0 J=0
Hence sup,, £4, < 0co. U

Lemma 3 Let I' denote the Gamma function and let L;(j) satisfy lim;_L;(j) = 1
fori=1,... k,. Then define v, by Avy, = w;, t > 0 and v, =0, t <0, where u;; =
> o Oujilier—j), lailla = 1, (6¢)iez is i.i.d. with mean zero and finite fourth moments
and 0, ; == D(d) ' (j+1) %D Li(5), for0 < d; < 1/2 and O ji = a;;—aj;_1; forj >0
and 0,0 = ag; foraj; =T (1+d;) " (j+1)% L;(4) for —1/2 < d; < 0. Further let w;, =
D20 Ow ey for 0 < || 32720 0w lla < 00 and 0y ;5 := O(5~'7°) for & > 0. Then using
Dy = diag (T~ .. T=tD) and Drg := diag (T~ @0t 0 T~ rot)) - for
di o := max(d;,0), we have (uniformly in p = o(T*/?))

T

<Z) DT Z UtU;ﬁDT i) Ed7 wh@ﬁi det Ed ;é 0 a.s.
t=p+1
T
i ; = _ 1/3
(11) oé?iﬁ ||DT,otz;rl Utwt_jHQ = Op(1), where Hp = o(T"/?)
=p

T
(ZZZ) T—(1+max(di+dj70)) Z ’Ui,tu;',t = Op(l),

t=p+1

(iv)  Dr Z vi_18y, = Op(1).

t=p+1

Proof: (i), (iii), and (iv) follow from Proposition 4.1 and Theorem 4.1 of Davidson and

Hashimzade (2007). For (ii), the convergence in distribution of 7'~ (%.0+1) Z?:p 1 Vi Wy
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follows from Theorem 4.1. of Davidson and Hashimzade (2007). The uniform (in j)

result can be derived from the following argument:

T T T
—(di,0+1 ! _ —(di,0+1 ! —(di,0+1 l
Tt N "y = TN (g — vy wl A TN )
t=p+1 t=p+1 t=p+1
J T T
—(d;,0+1 / —(d;,0+1 /
= T (di,o+1) E E Avt_mwt_j + T (di,o+1) E Vi—j—1,iWy_;
r=0 t=p+1 t=p+1
J T T
—d; 2 : -1 § : / —(ds0+1 § : /
— T 4,0 T utfr,iwt—j + T ( i,0+ ) vtfjfl,iwt—j'
r=0 t=p+1 t=p+1

The first term is the sum of j + 1 estimated covariances to which we apply Lemma 1:

J T J J T
Z (Tl Z utr,iw£j> = ZEuH,iw;,ﬁZ <T1 Z [ut,mw;fj — Eutr,z’w;sj}>+0(pT1)

r=0 t=p+1 r=0 r=0 t=p+1

which is of order O(p®¢)+Op((j+1) fr) where fr = T?%i=1 for 0.25 < do,; < 0.5, fr =
T-12\/logT for dy; = 0.25 and fr = T~V for dy; < 0.25. Here Y7_ Buy_,—yw,_; =
O(p%:) is used which is straightforward to derive. Hence the first term above is of
order o(1)+Op(j frT~%¢) = op(1) for d; > 0 and of order O(1)+Op(jT/?) = Op(1)
for d; < 0 uniformly in 0 < j < 7%/3.0

Lemma 4 Let vyr — Apviar = w, t € Ny Ap = I — diag(eq, ..., c,)/T,¢; > 0 for
1 =1,...k, where u; is stationary and ergodic with finite second moments generated
according to Z;io Ty jUi—j = € where (e;)iez fulfills Assumption N, and where, for
mu(2) 1= D20 Tu?, we have detm,(2) # 0,|z| < 1 and 3772 |mulla < oo, The
recursions are started at vor = vo, T' € N which is assumed to be deterministic. Further

let wy = Z]o'io D jEt—j T Z]O'io ¢Z;,j77t—j where Z]O.;OJHQEMHZ < 00, Z]o'io H¢Z;JH2 < o0
and (ny)iez fulfills Assumption N and is independent of (&¢)icz. Then:

(i) Ellv,r||3 = O(t) uniformly in T.
(id) BT 3y vezwilly = O(T ).

(111) T2 Zf:pﬂ Ve, TVt <, fol Je(w)Jeo(w) dw where J.(w) denotes an Ornstein-Uhlenbeck

process.

(iv) T1 Zf:pﬂ Vg U KR fol J(w)dB(w) + o, for some matriz o,. Here B(w) de-

notes the Brownian motion associated with T—/?u,.
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Proof: (i) According to the assumptions it follows that u, = 3 7% ¢y j&; (Lewis and
Reinsel, 1985,p. 395, 1.3). Further Z],_OO
definition of vy r implies that v r = Abwy + Zi:() Al uy_;. Consequently

[Euguf]l2 < oo follows. The recursive

t— t—1 t—1

Ellvirll3 = E(Abvo+Y | Ajuyi) (Abvo+Y | Afuy—;) = Boj(AL) Ao+ >~ Eap_(A%) Afuy;.
i=0 i=0 1,5=0

Since ¢; > 0 for i = 1,... k, it follows that the elements of the diagonal matrix Ar are

all less than one and hence vy(A%) ALvg = O(1). For the second term note that

t—1
ZEut (A A < Y Buriy 2 < ¢ Z [Euoujll2 = O(t).
7] =0 7] =0 j——OO

(ii) We will only deal with the univariate case. The multivariate case is only nota-
tionally more difficult. The process (w;)ieny can be decomposed as w; = w§ + w; =
(D720 9o j€t—3) + (X520 Puy jM—j)- Since g5 and 7, are independent it follows that

Ev, rvs rwiws = Evg pvg pwiws + Evg pvs pEw]w! (A.12)

because Ev rv, rwiw! = Ev, pvs pwiEw?! = 0 and expectations exist by Assumption N.
We bound the contribution to E||7-3/2$ 1
by

_p1 Vrrwill3 of the second term in (A.12)

T T T T
T Z Z vy rvs rEwiw?| < T3 Z Z Y252 Bww?| = O(T1)
t=1+p s=1+p t=1+p s=1+p
due to 3272 [[Bw/w/ ;ll2 < .
For the first term in (A.12), we use the Beveridge-Nelson decomposition (Phillips and
Solo, 1992) w; = ¢y (1)er + wy — w;_,. We then rewrite Z;F:pﬂ
several terms and show that the expectation of the square of each summand is of the

vy rw; as a sum of

required order. Of course, the cross terms are then of the same order,. It follows that

T3 Zf:l+p VWi = T3 ZtT:Hp Ut rEPw(l) + T3 ZtT 1+p v (Wi — wiy)
= T3y vredn(1) = T2 3 o r — ver)w}
+T_3/2vTﬁTw; — T—3/2 Up,Tw; .
(A.13)
Since vrr = ATUO + ZT LA ur—; it follows from finite fourth moments of w; that
Evg . = O(T") and finite fourth moments of w} (see the proof of Lemma 1) then im-
ply via the Cauchy-Schwartz inequality that Evj,(w})? = O(T?). Therefore the
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two last terms in the expression above contribute terms of the order O(T1) to

_ T .
E||T-3/2 D i1 v rwe||3 as required. Further vy = Agvy_ 17 + uy and

T 2 T T
E (T_3/2 Z Ut—l,T€t> =73 Z Evi_1revs_1 1765 = T3 Z EU?A,TE*?? = O(T_l)

t=1+p t,s=1+p t=14p

due to E{ee)|Fi-1} = Eeye} and Evfy = O(t). Obviously E(T—%/2 ZtT:pH uer)? =
O(T™h). Finally vir — vi17 = vy — Arve1 1 + (Ar — Vo170 = uy — ¢/Tv1 7 and
therefore the square of the second term in (A.13) equals
T 2
T3 Z Up 1 Uy W WS — %(vtmus“wfw: + Vs pUt W W) F %vt’Tvs,Tw;‘wf.
t,s=1+p

Now Evfr = O(t') and hence Evypu,wjw; < (Ev}p )Y (Bul, )YV4(E(wp)*)/? =
O(t). Therefore (ii) follows.

The proofs for (iii) and (iv) are omitted since they closely follow previously established
results. (iii) and (iv) are proved in Lemma 1 (c) and (d) of (Phillips, 1987) for the uni-
variate case (k = 1) and in Lemma 1 (iii) and (iv) of (Elliott, 1998) for the multivariate
case, in both cases under different assumptions on the process u;. The main fact used
in both cases, however, is that the process Xp(t) = T-Y/2¢71 ZEZTIJ u;,0 <t < T
converges weakly to a Brownian motion. It is a standard result that this holds under

our assumptions (see e.g. Hall and Heyde, 1980, Theorem 4.1.). [

Lemma 5 Let the process (wy)iez be generated according to Assumption P2 (i)-(ii) and

be partitioned as w, = [y;, z5,|". Accordingly let €, denote the first block of (I") 'e,.

/ A /
Define muor = LT i= | 0 ) musr = (0) M mog T = g ( T’S}’M )],j >
Y
p_]' N\ —1 AT7w,yj_
L Let eyyp = Zj:0[1570]7rw7j7th—j — [, O)(I") ™y pa 0 Wi—p = Eyt —

Z;‘;p[[s, 0](T") ', jvij. Then, for a suitable constant ¢ < oo not depending on p,

Elleyy — ul})? < €3 Il (A14)
Jj=p
Proof: Using (10) and the definition of m, ;7 to substitute for w; and m, ;r respec-
tively in the equation for €., we obtain ¢, , = Z?;é T,jVt—j Where g, = Z;‘io Ty jVt—j-
Then (A.14) follows by Lewis and Reinsel (1985), p. 397, (2.9) and &, , = [I,, 0](T") ey .
O
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Remark 1 The Lemma holds for both the stationary (see Assumption P1) and (co)-

integrated I(1) processes as special cases when v, =0 and ¢ = 0, respectively.

Lemma 6 Let Ry € RIT*IT denote a sequence of (possibly random) nonsingular
matrices whose dimension gr depends on the sample size T'. Let Ry denote a se-
quence of random matrices such that |Ry — Ry||s = Op(by) where by — 0. Then if
suprey || BT 2 < 00 a.s. it follows that | Rzt — RTY||y = Op(br).

Proof: See Lewis and Reinsel (1985), p. 397, 1. 11. O

Lemma 7
A B | A1 0 _A-B _
= + [D—CA™B]™ | —cat 1| (A1)
C D 0 0 I

Proof: This can be verified by simple algebraic manipulations. [J

Lemma 8 Under Assumption P1(i), (it) and (i) let T') = E(z;)(x; ) where x; =
[(z5:)', (x1,)') as defined in Theorem 2. Then sup,y [T, 2 < co.

. Qj — 3 vo_ 9. ) e — N\ . .
Proof: Since 2, = 27, + 2, where 2}, = v, + ) i=1 Oy and 27, = > i—0 QjEt—; are
: / — v v / € € ! £
mutually independent, we have Ezy; 21, ; = Bz, (27, ;)" + Ezf, (25, ;)" Let xf,

and xY, denote the components of z7, generated from ¢, and v, respectively. Then

ye (e ) Yr (23) Y (T, —1) Y (@3,)
bo_m| EG)EGE EGe.) )
Zitfpﬂfl(y;)/ Zitfpzlfl('z;t)/ Zitfpzlfl(zitfpzlfly Zitfpzlfl(xity
xit(yt_y Iit(ZQ_t)/ ﬁt(zit—pzl—l)/ xit(‘xit)/
0 0 0 0
e ’ ’ ey
00 21, 1(*ip,1) 2imp,—1 (@) ' '
00 th(Zlyt—pzl—l)/ oy (x,)

Clearly 0 < I'7,0 < I'j. Also the largest eigenvalues of both matrices are bounded
uniformly in p (see Theorem 6.6.10. of Hannan and Deistler (1988) for I'S; the nonzero
eigenvalues of I'; do not depend on p). Furthermore the matrix in the third and fourth
block row and block column of ') is positive definite, since z;; contains the term v;.

For the heading subblock built from the first and second block row and columns of

I', the smallest eigenvalue is bounded uniformly in p by Theorem 6.6.10. on p. 265 of
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Hannan and Deistler (1988). Suppose then that the uniform bound on the eigenvalues
of I, does not hold. Then there exists a sequence pr — oo and a sequence of unit norm
vectors x, such that z ')z, — 0. Then I %, + 2,I'yx, — 0 and hence partitioning

x5, 4,2 4" where x,; corresponds to the partitioning used previously

_ /
Tp = [x P27 p,37 “p,4

p,1s
it follows that E(x) 321, , 1 + 2, ,27) (2}, 321, ., 1 + 7, 427;)" — 0. It follows that
|zpsll2 + [|Zpall2 — 0. From Theorem 6.6.10 of Hannan and Deistler (1988) it also
follows that E(z), 5, + 2,920,) (T} 1Y + T 929;)" — 0 implies [|x,1]l2 + [|[zp2ll2 — 0.

But this produces a contradiction to ||z||s = 1. This shows the claim. O

Lemma 9 Let (wi)iez, (Sytp)tez, and w7, 7 > 0 be defined as in Lemma 5. Then,

under Hy : 7,15 =0 for all j, and for T > max(c;), (4) can be reformulated as

p1+1 Pz1
Ayt \IJOpT(VLwt 1 _I'E *—']pT’Ut ]+ E 77ZJ21] Rlt—ps1— 1+§ 77ZJ21] Rlt—j —Rlt—p.1— 1)+€ytpa

J=1 J=1 J=1
(A.16)
where supyp (724 [Zirll) < o0, Yo = —[1: 0)() 10 =072 EIRY:
[ O)(T") 'y pa [T : OF A2 ? (mdﬂpT = [E1jp.1: E27] for Enjpr = Zh:j+1 ”l,hAT,wij)‘i‘
() M pp [l 2 VAP for j = 1,...,p— 1, and Z1pp7 = 0, Zour = —[I :
0]( + mu1r)(T)7HO : I, Egjr := —[I : 0wy r(T)7HO : I for j =2,...p—1,
Eopr =0, and 71 j = [I : O]my;r(T') 1[I : 0]

Remark 2 A similar reformulation is employed in (A.2) of Saikkonen and Liitkepohl
(1996) for the VAR case with Ar,, = I. However, the derivations and notation differ.

PI'OOf! USing [wyja wZQj] = _[Ia O]ﬂ'w,j,Taj = 17 LR 7p_17 [wypa wz2p] - [[S> O](F ) 7T’Up 1 (P)/J_ATwa O)/
(since v,1; = 0 under Hy) and subtracting y;,—1 = [I : OJuy_; from both sides of (4) and
using wy = (I') "' Twy = (1Y) (v wy)', vh,)', for vay = [0 : I]vy, we obtain

/ P / pz1+1
Ay =[I:0] [—(F')* [ e ] =2 Tugar(0) [ F | ED DR RIE
V2,t—1 =1 Vo,t—j =1
(A.17)
Defining vy := [ : OJvy = 7, wy — Arw?y|, wi—1 and noting that Az, is invertible for
T > max(c;), the terms involving v/, w;_; in (A.17) can be re-expressed as:
p=1 p
[ [1:0)(I")~ ZMJAT; ] Viwea =Y > TR A7 Doy,
j=1 h=j+1

Likewise, the terms involving z1;,_; may be re-expressed as in (5), yielding (A.16).

Since, by using (10) to substitute for v; j =0,1,2...1in Z;io T, jVt—j = Et, My, jr MAY
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be expressed as a linear finite lag function of m, ;, > 22, jl|my 7|l < oo follows by As-

sumption P2 (iif). sup, (3272, [Z15p7ll2) < supp([7: 0] 327 3552 oy 1w nrll2(T) 1[I -
0]') < oo and absolute summability of =5 ; both follow. [

C Proof of Theorems

The proof of the theorems will be given based on the following lemma, which introduces

a new set of high level conditions sufficient for Assumptions HL to hold:

Lemma 10 Let (wi)iez, (Eytp)iez, and Ty jr, j > 0 be defined as in Lemma 5. As-
sume that z; € R*=» is a vector, which is Fi_y measurable such that y; = A(p)z, +
ety = [A1(p), Aa(p), Ag(p)][(z,;l)l, (z;zp)/ 24 4)| + eyep where z; € RF» is partitioned
as z, = [(zit),, (Zit,p), ,244) such that zy = [z_y 4, ... ,zg,phl}’ € R¥1 (where p; is
fized) and 23, € R** do not depend on p and za;, = [zétfl, c zétfp], depends on p.
Further let p tend to infinity as a function of the sample size such that p*/T — 0 and
NG Z;ip—&-l 70 ill2 — O such that E(|leys, — eyell3)"* = o(T71/2).
Then the following conditions are sufficient for Assumption HL to hold: There ex-
ists a matriz Ry and a scaling matriz Dy = diag(I,., T~Y? IT~Y? Fr) (where Fr =
diag(fea, -, [tk.s)) such that (Aa. denotes a mazimal eigenvalue)
;lég Amaz(ER7) = O(1), Apao(Rr) = Op(1), )‘m(m(Rj_“l) = Op(1), (A.18)
Riyn Rrio O
Ry = Rrp1 Rrpa 0 ; (A.19)
0 0 Rrss

T
Ry = Dy Z 27 (27) Dr, such that | Rp—Ryl|s = op(p~Y/?), and ERy = O(1) elementwise
t=p+1
(A.20)
T
wp TS ED )Y = 0Q), (A21)
1ERF=p ||1]|2=1 t=p+1
T /
vec Z eyi(z ) DrR;! ( I 00 )] <z (A.22)
t=p+1

where Z ~ N(0,T[3®X), where 'y 5 := limy_o Riq — RTJ’QR;}QQRT’QJ > 0.
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Proof: Consider'®

Alp) = D w(m (D] w (z)) " =AW + Y epplz)Dr(Dr > 2z (7)) Dr) "' Dy
+ O™ = Ap) + (Z eyt,p(z;)/DT) R;'Dy +O(T™Y),

T - T - T _
where D2y €pp(2 ) Dr =2 ez ) D+ 22 (Eyep — €42) (2 ) Dr and

T T

Bl Y (epp =)z ) Drlla < > (Blleyey — eull3)*(EIIDr(z)[13) 2
t=p+1 t=p+1
T
(T2 (Elleyip — e ll3)"?) (T1/2 > (EHDT(%)H%)W> = o(p'/?)(A.23)
t=p+1
Here (A.21) and Lemma 5 are used. Moreover letting €,,;),7 = 1,...,k,, denote a

coordinate of €,; we have
T
Z euty (7)) Dr)'( Z e (2 )Dr) = Y BelyEDrz (2 ) Dr = ey ERy
t=p+1 t=p+1 t=p+1

using the martingale difference property. Therefore || ZtT:p 1 Eytp(20) Drll2 = Op(p*/?).
Consequently, || (A(p)—A(p)) D7 ||l2 = Op(p'/?) using (A.21), (A.18, A.20) and Lemma 6.
Then consider 3, := T~ Zt:p L1 6£5: We obtain

T

o= 3 - AW - A )
= 1> (e (AW) — AW ey — (Al) — AW )
- %;p;l Eytvl"g;tm - %tzp;I 5yt7p(zt_)/(121(p) —A(p)) — %t;l(fi@) - A(p))zt_dyt,p
+(A(p) — A(p)) (% > %(%)’) (A(p) — A(p))

= Y +op(1)+Op(p/T) =X+ op(1).

18The O(T') term is due to the dependence of A(p) on Az /T, Ar.,/T in the local-to-unity case,

see Lemma 5.

A3



/
yt,p

Lemma 5 and the ergodicity of (g;)sez, implying that 7! Z?ZPH gigy, — 2 almost
surely. Further [|(A(p)—A(p)) D7 [l> = Op(p"2), | Brlls = Op(1) and || 37, Dy ety |l =
Op(p*/?) are used. This shows HL (i).

Next, note that I'7} equals the (1,1) block of R;!. Then (A.20) and (A.18) imply HL

(ii).

With respect to HL (iii) note that 7, = [['1.5,0]D7'R7'Dyz; . Therefore

Here the bound follows from 7! ZtT:p 11 EytpEytp — 2, which can be shown using

T T f‘1.2 T f‘1.2
T2 Z 5yt,p(£f2t>, - Z 5yt,p<zt_)/DTR%1 0 - Z Eyt(zt_)/DTR;l 0 +OP(l)
t=p+1 t=p+1 0 t=p+1

since || ZtT:pH(6yt—5yt7p)(zt_)'DTl||2 = op(1) similar to (A.23) and ZtT:pH eyt(z ) Dy =
Op(p'/?) as used above. Then (A.22) and HL (ii) imply HL (iii). O

C.1 Proof of Theorem 2

Proof: The proof uses a number of results of Lewis and Reinsel (1985), henceforth
LR. We verify the conditions of Lemma 10 where 21, = 23,25, , = Ty and 23,
does not occur. Thus k., = k.ap.i + p(k, + ko) + kg and Dy = T7Y/2[. Also,
by assumption, all variables are stationary with bounded variance. Then ERy =
(T — p)/TRy. The maximum eigenvalue of Ry is bounded uniformly in 7" € N since
z; is a vector containing only lags of the vector process [wy}, 21,]', which has bounded
spectrum due to the summability assumptions on the autoregression coefficients (see
e.g. Hannan and Deistler, 1988, p. 265). The bound on the minimum eigenvalue of Ry
is derived in Lemma 8. This verifies (A.18), (A.19) and (A.21).

Each entry in Rr — Ry is equivalent to an estimated covariance at some lag up to an
approximation error due to the different limits of summation. Lemma 1 shows that
the variance of the estimators of the covariances are of order O(T~!), see also Hannan
(1976), Chapter 4. The change in the summation introduces an error of order Op(pT ')
since the difference is a sum of a maximum of p terms each of variance O(T~2). Thus
all entries in Ry — Ry are of order Op(T~%/2) and therefore || Ry — Rylls = Op(pT—/2).
Then p/T? — 0 implies that pT—/2 = o(p~*/?) showing (A.20).

Finally (A.22) follows as in Theorem 3 of LR (see also Theorem 7.4.9. of Hannan and
Deistler, 1988). The only change in the arguments lies in the different definition of the
regressors and correspondingly the replacement of I', of LR by Rz. In the proof the
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uniform bound on )\max(R;l) derived above is crucial. Details are omitted. [

C.2 Proof of Theorem 3

Proof: The proof builds on Saikkonen and Liitkepohl (1996) henceforth SP96. We
re-parameterize the auxiliary model (4) using (A.16), which is permissible for our
purpose since we test only 1,1;,7 = 0,...,p,1, whose estimates coincide in (4) and
(A.16).

Note that in (A.16) there are two variables containing nonstationary regressors: (v, w;_1)

and 21—, ,—1. Assumption P2 allows for full column rank matrices 3 € R(thz1)xn=

with 0 < n, < n + k,; and 8, € ROFh)x(+ka-n2) guch that /8, = 0 where

(e s o = B0 ey s ] i stationary and (e, e = FL[(L 01 2y s

is integrated (but not cointegrated). Thus instead of (A.16), we consider

/

Ay; = [Ya1, T;x% @0][(Zl_,t),7 (Zz_,t,p)/> Zi/’,,t]/ +eyp = A, T)2 + Eytp, (A.24)

where Z14t= Ty = [(th—zlt—pn—l)/? SKI) (th—l)n_zlt—pn—l)/]/’ 22_,t,p = [ﬁQ,JJ ,Uylf—lv s ’Ué—p-i—lv (’ylwt—p)/]/
and z3; := 7, analogously to the definition in Lemma A.3. of SP96. Here (2, t,p)tez
is stationary for given value of p. 21, := [(21s — 211p.1-1)s 5 (Brt—por — 226-poy—1)']
behaves essentially as a stationary process since zy;—; — A’}f;“_j Z1t—p,,—1 is stationary

(as a finite sum of stationary terms) and therefore
— Pz1—j+1 pz1—j+1
2t = Altmpa-1 = 2—j — A7, Zumpao1 + (AT = Dap, -,

where Az}f;_j 1 _1=0(T"). Thus it follows from Lemma 4 that the second term is
negligible and it is sufficient to verify the conditions of Lemma 10.

Define Ry := DT(ZthpH 2 (7)) Dy for Dy := diag(T~/21, T~/21, T~I), with par-
titioning corresponding to that of z; in (A.24). The last k.3 coordinates of z, are

integrated. The rest are stationary, apart from lower order remainders. Further let

Ezl,t(zl,t>/ Ezu(zz_,t)/ 0
Ry = | Ezy, Zl_,t)/ Ezy,(25,) 0 )
_ T -
0 T Zt=p+1 ntn;

such that obviously (A.19) holds. Here the submatrix built of the first two block rows

and columns of Ry has uniformly bounded eigenvalues (both from below and from

19Cointegration between Y wy—1 and z14—p_,—1 is allowed for, but not imposed. The no cointegra-

tion case is accommodated by taking n, = 0.
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above) due to Lemma 8 as in the proof of Theorem 2. The nonsingularity (in probabil-
ity) of the (3,3) block of Ry follows from the convergence in distribution (cf. Lemma 4
(iii)) to an almost sure positive definite random matrix. Therefore A4, (Rr) = Op(1)
and Apee(RTY) = Op(1) establishing (A.18). ERy = O(1) is easy to verify from the
results of the proof of Theorem 2 and Enn; = O(t) from standard theory.

Next, Lemmas 1 (for d = 0) and 4 (i) imply that each entry in Ry — Ry has
variance uniformly of order O(T'). Thus |[Rr — Rrls = Op(p/T~'/?) showing
(A.20) for p = o(T"/?). Then consider E|[lI' Dyz; |3 = E(T |21, ]13 + T lh2s, 113 +
T72||ly234]|3) where I = [I},15,14] is partitioned in accordance with z;. By Lemma 4
(i), Ellz34]3 = O(t). Due to stationarity of the remaining terms E||l'Drz; ||3 =
O(T™'), analogously to the proof in Theorem 2, and (A.21) follows. Finally, in
ZtT:pH e,i(27 ) DrR;I,0, 0] the nonstationary terms do not occur due to the block
diagonal structure of Ry. Thus analogous arguments as in the proof of Theorem 2
imply that (A.22) holds. O

C.3 Proof of Theorem 4

Proof: The proof follows that of Theorem 2, except that the impulse response sequence
corresponding to zy; is not summable. (Note that w; is short-memory.) Hence let
Dy = T7'2I, Ry = Bz (7)), and Ry := T~} E;f:pﬂ 2, (2;), where z; is defined
as in the proof of Theorem 2. To show |[Rr — Ryl = op(p~/?), note that every
entry in this matrix converges in mean square since, by Lemma 1, the variances are of
order O(T™ax(4d=2=1)) for d # 0.25 and of order O(T~'logT) for d = 0.25. Note that
E4; = (T — p)/T;. Hence ERp = (T — p)/TRy. Thus the expectation of the sum
of squared entries of Ry — Ry is of order O(T4=2p 4+ p>T~1), O(pT'1og T + p*T 1),
and O(pT ! + p?T~1) for 0.25 < d < 0.5, d = 0.25, and d < 0.25, respectively. This
follows since there are only O(p) terms involving the long-memory processes, as w;
has short memory and contributes p* terms of order O(T~'). Hence, for obtaining
|Rr — Ryl = op(p~'/?) it suffices that p*T49~2 4 p3T~1 — 0 for 0.25 < d < 0.5,
(p*logT + p*)/T — 0 for d = 0.25, and p*T~! — 0 otherwise. This shows (A.20).
The bounds in (A.18) follow from Lemma 8 (which did not use the short memory
assumption on zy;) as in the proof of Theorem 2. Since z3; does not occur (A.19)
follows trivially. Stationarity and finite variances of (21¢)ieny implies (A.21) as in the
proof of Theorem 2.

It remains to verify (A.22). In the following we will only deal with the scalar output
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case (i.e. k, = 1). The multivariate case is only notationally more difficult. It is suf-
ficient to show that 71/2 Zz:p 1 &ye(a)z;) is asymptotically normal with o), Rpoy, —
) Rooeo for vector sequences a,, such that 0 < ¢ < infjyey [|apll2 < supyey [laplls < C
for some constants 0 < ¢ < C < oo and ||[a},0]" — axll2 — 0 holds. Clearly the
columns of R;' fulfill these requirements.

In this respect we use the three series criterion of Hall and Heyde (1980, Theorem
3.2, p. 58): With X = Eyt(oz;zt_)/\/? we obtain that (X7¢)1<;<7 is a martingale
difference sequence with respect to the sigma field generated by e,,v,, s < t. Below
we deal only with the univariate case. The multivariate case follows as usual from the
Cramer-Wold device (see e.g. Davidson, 1994, Theorem 25.5.). Then Theorem 3.2.
states that S, Xry <, N(0,7?%) if

T
(7) max | X7 50, (i) ; X2 2 p(a constant), (i) E Iax X2, is bounded in T .
Assume that o) Rpoy, — 77 (for some constant 7) as p — oo. Then it holds that
Ee? ()2 )? = Ee}E(apz)* < M for some constant 0 < M < oo uniformly in p € N
due to the conditional homoskedasticity and the assumption of finite second moments
of z;. Then Emax,<;<p X2, < 3.1 EX2, < M such that (iii) follows. Secondly,

T T T
ZX%t =7! Zezt(a;zt_f = Z Eeyt)a 2, (2)) ap—i-( Zoz z; (2, ’) oszeZt
t—1 =1 =1

where af (T~ Y/, 2z, (2 ))ay, = a,Rra, — i since |Ry — Rylls — 0. Therefore

it is sufficient to show that 71 Zle(ezt — Ee2,)ar,

cording to Davidson (1994, Theorem 19.7) this hold for our assumptions if |(e7, —

2; (2, ) oy, converges to zero. Ac-

Ee?,) (a2 )?| can be shown to be uniformly integrable (uniformly over ¢ and p). Now
E(e2, — Eep)* (a2 ) = (E(e), — (Be2,))?)(Eayz)* due to the iid. assumption on
(et)iez. But E(e}, — (Ee,))* < oo due to finite fourth moments. In order to show
that sup,cy E(a),2;)* < oo for sup, [Japls < oo we use Lemma 2: Clearly oz =
D im0 Vit 20 Oy s€e—j-  Thus it suffices to show that sup, 3372 |0, @5 1115 <
oo, which follows since sup,, ||a,||2 is bounded by assumption and for each of y;, 21, and
z9¢ the summability assumption is easily verified. Uniform integrability then follows
from Davidson (1994, Theorem 12.10.). It follows that (ii) holds.

Finally (i) holds since it is implied by (I(.) denoting the indicator function)

T
> E[X7I(X7, > )] = TE [X3 (X7, > )] — 0

t=1

AT



for each € > 0 (see Hall and Heyde ,1980, (3.6), p. 53). Here convergence is implied by

Eleyi(a)21)]* = EeyE(ajz1)* < oo as shown previously. This concludes the proof. O

C.4 Proof of Theorem 5

Proof: The proof of Theorem 5 combines the arguments from the proof of Theorems

3 and 4. Analogously to equation (A.16) we obtain

Pz1

pzl+1
Z%Z/t ﬂ‘z%zm ]"‘(Z ¢z1]> Y(Bz1t—p.,—1 +Z¢z1j 21t = 21t—pay—1) FEytp

7j=1
where B := [f3, 81]. Note that 21, j — 21, p., 1 = D 1= Azyyi = Y 175 21, is station-
ary for each 1 < j < p.1. Define 2, := [2},_; — (21—p.—1)s- - -+ Zypy — (Fli—pre 1)’], 2 p =
[y ) (220)", (B 210 —1)']" and 2 := B 210-p,, -1 Thenin 27 = [(21,)', (23,,)", 25,]'

the last coordinates (i.e. z3;) are fractionally integrated while the rest are stationary.
Let Dr = diag (T~V2I, 7+ T=(eatD) Rp:= Dp 370 27 (%) Dr, and

Ez; t(Zl_,t)/ Ezy,(25,) 0
Ry = ]Ez2t(zl_,t)/ Ez;4(25,) 0
0 [Rrlss

Obviously (A.19) holds with this choice. The uniform bound on the eigenvalues of Ry
follows as in the proof of Theorem 4 and from
T
diag (T~ (0 (e t) Z 23,24 diag (T~ HD L T (deat) L= (A.25)
t=p+1

where = is a.s. positive definite by Lemma 3 (i). Consequently (A.18) holds.
Next we show that (A.20) also holds. Ry — Ry consists of six types of subblocks: The
terms involving only z;, and z,, can be analyzed exactly as in the proof of Theo-
rem 4, with dpax := max(dy, ..., dy.,) replacing d. The upper bound on the increase
of p as a function of T shows that the sum of squares of these entries is of order
Op(p~Y). The (3,3) block of Ry — Ry is zero by definition. The remaining two terms
include terms of the form T_(dT+3/2) ZtT pH[zg ¢ [(ﬁ’zlt ]) ] = O, (Tmax(dr+ds,0)= d’“_l/Q)

Both terms are op(p 1/2) since |d8|,|dr| < 0.5 and, by Assumption P5 (iii), p <

Tmins(1-2ds,(142dr)/3,1/3) for =1, ... ¢,y and s = 1,..., k,. Likewise, defining dyo =
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max(0, d,.), it follows from Lemma 3 (ii) that?°

T
—d,—3/2 / / _ dyro—dr—1/2 _ 1/3 _
pmax T t gﬂ[z&t]r[yt_j,z%_j] = Op(T“° ), for Hr=o(T"°), r=1,...,¢..

Thus the sum over these terms is Op(pT@0~4~1/2) = o, (p~1/2) since, by Assumption
P5 (iii), p < T3 (covers 0 < d, < 1/2) and p < T?30/2+d) (covers —1/2 < d, < 0).
Further E[23,]? = O(T?%*1) follows from Davidson and Hashimzade (2007). Thus
(A.20) holds under the restrictions on p imposed in Assumption P5. From (A.25) it
also follows that the contribution of this block to E||l’Drz; ||3 is O(1), showing (A.21).
Finally the arguments to show (A.22) are analogous to those used in the proof of
Theorem 4 since the nonstationary components are not involved. This concludes the

proof. [J

C.5 Proof of Theorem 6

Proof: The strategy of the proof is to apply, where possible, the previously proved
results within each regime. We will verify the conditions of Lemma 10 where 21, :=
Ty, 2oy, 1= Ty and 23, does not occur. Thus k., = k.1 (p.1 +1) + p(ky + k.2) and
Dy = T7Y2[. S, (defined in the main text) omits p,; + 1 discarded lags, which we
denote by D, := {in;})wkﬂ Y1 pa 1 [ wkTJ}. Let D := UL, D;.
Define the within-regime variance I'(j) := E [z, (2;)I(t € S;)] — p(j)(j) and define
R := Z}]:1 w;R(j), where R(j) :=E [(z; — ) (2 — [L)/I (t e Sj)} as a measure of
the overall average variation. Noting that R(j) = ['(j) + (u(j) — @) (u(j) — i) we
decompose R as B = Y7, w,T(5) + Yo, w; () — 1) (u(j) — i) -

Using the same argument as was used directly for R in the proof of Theorem 4 for I'(7)
we have Apax(L'(2)), Amax (D(1) 1) = O(1). We also have \paq ((1(5) — i) (1(j) — )') =
O(1) despite the fact that the dimension u(j) — i grows in p, since it consists of p,, +1
repeated copies of the same vector extended to the correct dimension by adding zeros.
Here p,, is fixed independently of the sample size. Then it follows (Liitkepohl, 1996,
p. 74) that

Amaz (R) < ij/\max (FG)) + ij)‘max ((u(G) = A) (u(j) = A)') = O (1) and

Amaz (R7Y) < (ij)‘min(r(j))) =0(1)

20The summability condition of Assumption P5 (i) implies the rate condition on 6,, ; in Lemma 3.
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where J is fixed. This shows (A.18).

Next define sample counterparts (recall that here fi is treated as known):

2() = |wT| )y, z=T7 Z 27, =TI (7 = () (2 — 1),
tGS t=p+1 teSj

R(j) = |wT]7") (2 —n) (5 —n)
tESj

and note that

E||R(j) — R(j)

< EW@)—HﬁH+2EWﬂ)—uUD%GWUHB+WMQ

where the last term results from the sum over the p,; + 1 discarded lags in D;.

El(z(j) —p())I(t e SJ)HZ = (pa+1) iE [(flti(j) — E[z1,I(t € S )]) I(tes; )}
ky+k22
+ p Z (2 (j) — E[wauL (t € S;)])’L(t € S;)] = O (pT 7).

(A.26)

By similar argument [|fi]|,, |#(7)|l, = Op(1) and ||pa|w; 7] ai||, < Op (pT~1). Thus

0G) = TG)||, +0r (Vo). (A.27)

Next define R := T ZtT:pH (zr —R) (7 — /])/ and note that

R(j) = RG)|| <

R= iwﬂ%uwirl YoGr—m) (5 —n)
_ Zj:wjf%(j)—i-OP( 7). (A.28)
since (pz1+1)T‘1EH(2{—M) (2 — i H (pa+1)T'E [H(Z{—ﬂ)ﬂz] =

where the last step follows by an argument similar to (A.26). Then by (A.27) and
(A.28)

J
D
i=1

£() =G|, +0r (VITT). (A.29)
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The same arguments as in the proofs of Theorems 2 and 4 show Hf(]) - F(])H =
2

op (p~1/?) since these do not involve breaks. The condition ERy = O(1) follows from

arguments analogous to those employed in the previous proofs above. This shows

(A.20).
Next write
r Y (El G -nl) " s ST (el - )lE)
sz S (1 -mi)” + S Y (2 G -)) . e
tes; Jj=1 teD;

1/2
For the last term in (A.30) we have <]E ||l’ (21 — R) H2> = Op(p) by arguments simi-

lar to those directly above (A.26). It follows that Z] Tt ZteD <E |0 (27 — 1) H >1/2

O (pT~') = o(1). For the middle term in (A.30) we have ijl T Ztesj (17" (u(5) — ,u)||2)1/2
ijl |(Tw; —pa1 — D)/T I (w(5) — @)ll, = O (1) by argument similar to (A.26). Fi-

o\ 1/2

nally the first term in (A.30) is also O(1) since J is fixed and 7! D tes, (E 10 (2 = n(5)) H2) =
O (1) by the same arguments as in the proofs of theorems 2 and 4. This establishes
(A.21).
As in the proof of Theorem 4, we will show that 77237 epal, (2 — J) converges
to the normal distribution given in (A.22) by verifying the three conditions of (Hall
and Heyde, 1980, Theorem 3.2, p. 58) for Xr; = ey, (z[ — /?L) /T in the scalar
case. The multivariate case again follows from the Cramer-Wold device.

Condition (ii) of Hall and Heyde (1980, Theorem 3.2, p. 58) follows from
T J
_ _ _ _\/
E max X7, < ZEX?H =E [¢2,] (X;ijE [(zt — i) (2% —R) } o, = E [e2,] o} Ry,
=1

1<t<T '
Jj=1

For condition (ii)

T
ZXYZ“t = E [efy} a;f%’ap + 77! Z (Efy —E [6%}) a; (zt_ — ﬁ) (zt_ — ﬂ)/ a, (A.31)

t=1

note that Hf(j) — F(j)H —, 0 by the same arguments as in Theorems 2 and 4.
2

Therefore by (A.29), this implies that HR —R

converges in probability to 72 = E [5%} o, Ray,. The second term in (A.31) converges

‘ —, 0, so that the first term in (A.31)
2
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in probability to zero by the same arguments as in the proof of Theorem 4 (Lemma 2
implies that E (), (2, — u(j)))*] and therefore E [(, (2, — p))*] is bounded). Not-
ing that > E[X2,1(X2, > €)] = Z;.Izl |Tw; |E[X2,I(t € S;)I(X%, > ¢€)], condition

(i) also follows by the similar arguments as in Theorem 4. [J
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